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ABSTRACT: In this paper, an analytical method is developed for the axisymmetric
dynamic response of a finite thickness liquid layer overlying a transversely isotropic
porous solid half-space due to body waves. Potential functions and integral transforms
are used together to handle the equations of wave motion in two media. The timeharmonic excitation with axisymmetric shape is assumed to be distributed in the interface
of liquid and porous media. Green’s functions of stress and displacement are derived as
closed-form integral expressions. Demonstration of the effect of the liquid thickness,
degree of material anisotropy, and frequency of excitation on the dynamic response is
considered here. Numerical results for a uniform distributed disk load are comprised with
the existing elastic and poroelastic solutions to illustrate the quality of the method. The
results of the current paper can be used in analysis and modelling the rigid or flexible
foundations in marine structures.
Keywords: Green’s Functions, Poroelastodynamics, Potential Functions, Wave Motion.

1. Introduction
Body waves in earth’s layers can be
produced by many phenomena like
landslide,
submarine
earthquakes,
foundations with dynamic loads and etc.
Study of wave motion in different media is
an important subject due to their
applications in geophysics, earthquake
engineering and similar fields. In many
researches, the medium of the earth
surfaced is modeled as a semi-infinite half*
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space. Many of studies on elastodynamic
problems are based on the consideration of
the half-space as a single phase solid.
However, in real problems in geophysics
and earthquake engineering, the half-space
is consisting of two-phased poroelastic
continuum. The dynamic response of fluidsaturated porous media is of interest in
geophysics, acoustic, and soil mechanics.
The first theory of wave motion in such
media has been developed since Biot’s
work on fluid saturated materials (Biot,
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1956a,b). Also poroelastic formulation has
been extended for anisotropic materials
(Cheng, 1997). Equations of motion for
time-harmonic
excitation
in
poroelastodynamics have been formulated
(Senjuntichai and Rajapakse, 1994). Wave
equations in saturated porous media have
been considered and the response of such
media under time-harmonic plane waves is
evaluated (Sharma and Gogna, 1991;
Sharma, 2008). In many researches porous
media has been assumed as isotropic
material. However, in reality because of the
original deposition or microstructural
characteristic,
these
media
have
transversely isotropic behavior.
Potential functions are used in wide
range in elastodynamic problems. When the
Helmholtz decomposition method is the
approach to solve the equations, use of these
functions is the best way. In the study of
transversely isotropic half-space, an
efficient method is presented to determine
the displacement and stress fields (Raoofian
Naeeni and Eskandari-Ghadi, 2014). Scalar
potential functions have an important role
in solving the wave equations of
transversely isotropic materials (EskandariGhadi, 2005).
Surface waves in models which were
consist of a liquid layer, overlying on the
transversely isotropic solid mediums is an
interesting issue in marine studies (Bagheri
et al., 2016). By using the scalar potential
functions, the Greens functions of
poroelastic medium have been introduced
(Pooladi et al., 2017; Sahebkar and
Eskandari-Ghadi, 2016). In another study
reflection of plane waves at boundaries of a
liquid filled poroelastic half-space was
established (Tajuddin and Hussaini, 2005).
The wave propagation in the porous
medium is considered in many studies by
different methods (Keawsawasvong and
Senjuntichai, 2019). Also for an isotropic
poroelastic seabed, some studies have been
done to determine the effect of the
properties of the medium on the behavior of
the structure or the considered medium
(Keawsawasvong and Senjuntichai, 2018;
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Feng et al., 2016; Yamamoto, 2008;
Teymouri et al., 2019).
In this paper, the Green’s functions of
displacement and stress fields of twolayered media, consist of a liquid layer with
finite thickness and a poroelastic halfspace, are determined. Integral transforms
and potential functions are used to solve the
equations of motion of subdomains. The
load is assumed with axisymmetric shape in
an arbitrary depth at the liquid layer. To
verify results, comparisons with the
existing researches are exhibited.
The interaction between the rigid or
flexible foundations and soil is an
interesting subject in the civil engineering.
Many studies have been established to
determine the behavior of a disc in the soil
medium (Ahmadi and Eskandari, 2014). To
solve the equations of such problems in an
analytical way, the Green’s functions are
needed and the results of the present study
can be applied directly in the formulation of
the foundations or pile problems in the
marine medium. A liquid layer which is
overlying a porous layer is commonly
encountered in offshore and marine
structures (Lian-Zhou et al., 2017).
Foundation and piles under seas or oceans
are the most practical problems of such
mediums. Reservoirs of dams are other
similar examples of this configuration. So
the results and analytical procedure of
current study can be applied to achieve
dynamic response of such media. By
considering the effect of pore pressure
effect on the marine structures, the analysis
introduced here can be applied in the
dynamic analysis of such structures,
especially for the flexible or rigid
foundations.
2. Statement of the Problem and
Governing Equations
Figure 1, shows the geometry of the
problem. The origin of the coordinates is
located on the free surface of the liquid
layer. A liquid with the depth of h, is
overlying on a poroelastic half space. The
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time-harmonic exciting load is located in
the depth of s, in liquid layer.
2.1. Governing Equations
The equations of motion in u-p
formulation,
which
consists
of
displacements of solid skeleton and pore
fluid pressure as the unknowns, for a
transversely isotropic poroelastic medium,
in the absence of body forces, subjected to
a time-harmonic excitation can be
represented as (Pooladi et al. 2017):
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are the corresponding viscous and inertial
coupling parameters respectively.  ,  i
and Ti : represent the viscosity of the pore
fluid, the intrinsic permeability and the
tortuosity of the porous medium,
respectively. Also  : is the porosity of the
medium and Fi : is the viscosity correction
factor and has the value of:


 ci

(4)

where  i (i  z, r ) and M  1 /  : denote
Biot’s
Skeletal
and
pore
fluid
compressibility parameters.  ,  and  f :
represent the frequency, and densities of
solid skeleton and pore fluid respectively.
ci   / mi i : denotes the characteristic
frequencies for the material symmetry axis,
z and over the plane of material symmetry,
rθ .  g : is the pore geometry shape factor.
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permeability coefficients, mass densities
and Biot’s effective stress coefficients.
It should be noted that all the above
equations are based on Darcy’s law and are
useful only to laminar flow between the
solid and pore structures. In order to
uncouple the equations, a method of
potential functions is employed. The
function F is assumed as a scalar potential
function, which displacement and pressure
fields can be expressed as:
2
 r F ,
rz
u zp   z F ,

u rp 

in which Aij : are elasticity constants of
solid skeleton, u (i  r , z ) : represent the
time-harmonic displacements of solid
p
i

pp p


F
z

(5)
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Fig. 1. Geometry of the system

where:

(8)

Hankel transform of Eq. (7), is as:
 r  ( K r  3  p  (i )a r  z )


2
d2
d2 
 2  m mz   3  rm  rm 2   z mp 2  F m  0

dz
dz 


 z  ( K r (1   1 )   p  (i ) r2  2r )





    2r 

 r
2 2

2
2
(1   1 ) z
(1   1 )

 p   2r 

Kz 2


(i )
2
K r z
K r

 p  (i ) (1   1 ) z     3 r  2r

(9)
(6)

where
mr  ( K r  3  pm  (i ) r  z )
mz  ( K r (1   1 ) m  pm  (i ) r2  rm )
2



mp  (i ) (1   1 ) z m   3 r  rm

and
A66  A12
A66
K
Ki  i
A66
A
 2  44
A66

1 

i 

(7)

 ic

i 

A66



 pm   2 

Kz d


(i )
2
K r dz
K r

m   2 

 r
2
d2

2
(1   1 ) dz 2 (1   1 )

 m   2 

4 d 2

 z 2
2
 2 dz
2

2

 0m   2   2

d2
  r  2
dz 2

(10)

A66
A  A44
 3  13
A66

 ic

2

 rm   2
2

(i  z , r )

Substitution of Eq. (3), in Eq. (1), gives
the partial differential equation in terms of
F as:
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In the above equations m: denotes the
order of Hankel transform. Eq. (8) can be
represented as:
 d6
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where:
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specified (the roots of λi) as Figure 2.
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Eq. (11) is a differential equation of sixth
order based on the terms of potential
function and it has a general solution as:
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where Am, Bm and Cm: are the unknown
functions of ξ, that will be calculated from
appropriate boundary conditions. Because
of radiation condition in half-space, the
answers with positive λ are neglected. In the
above solution λi can be achieved by getting
 3  0 and are multi-valued functions. To
make these functions as single-valued
branch cuts that emanate from ξi are
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Now the pressure, stress and
displacement fields can be represented in
Hankel transformed state of potential
function as (Pooladi et al., 2017):

 I ( , z )  S. I sinh( 4 z )
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with porous half-space.
In layer I at z = 0 pressure is equal to zero
so the potential function should have the
form of:

In contrary, in layer II we have:

 II ( , z )  S II e  z  R II e 





d2
dz 2

z



d m
F ;
dz

 zrm 1   A66 2  mz  mr

(21)

(22)

There are two sets of Boundary
Conditions, one in z = s (load depth) and the
other is at z = h (interface between liquid
and half-space). At z = s:

 m
 F ;

(17)

Equations of motion for liquid layer in
Hankel transformed state with respect to the
potential function φ can be noticed as
(Bagheri et al., 2016):
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where S and R: are unknown functions of ξ,
and will be calculated from Boundary
Conditions. K: represents bulk module of
liquid. Pressure and displacements in liquid
layer can be written as:
u zl 

(23)

where R: is the function of excitation and П:
is region of loading. At z = h (Cheng, 2016):
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2.2. Boundary Conditions
Liquid layer is subdivided into two
layers (Layer I: 0 < z < s and Layer II: s <
z < h), which layer I is in contact with the
air (zero pressure) and layer II is in contact



l
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in which ϕ: is the porosity and wzp : is the
vertical displacement of pore pressure
relative to solid skeleton and has a value of
(Pooladi et al., 2017):
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To clarify the first relation in Eq. (13), it
can be considered that the area of S and the
porosity ratio  for the porous medium. By
considering a displacement equal to u zliq in
the liquid layer in z direction, the variation
of volume in liquid layer will have the value
of S.u zliq . According to the principle of
continuity the variation of volume in both
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layers must have the same values. This
value for porous layer is:

transformed shape can be defined as:
Z

S .u zliq  S . .u zpore fluid 
S .(1   )u zsolid skeleton
 S ( u zf  u zs  u zs )

(26)

 S (u s   (u f  u s ))
 S (u z   .w z )

So, u zliq  u zp  .wz .
Now the matrix form of the equations
can be written as:
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By substitution of the Eq. (28), or (29),
into the B vector in the Eq. (27), the closed
form has been evaluated. The answers that
are obtained here are in Hankel state. By an
invert Hankel integral transform, the results
in frequency domain will be calculated as:
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0
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where the elements of matrix M can be
easily achieved by using Eqs. (26) and (27).

The branch points and poles of the
integration related to poroelastic materials
are complex-valued, so real axis is free from
any singularities.

3. Closed Form
4. Numerical Verification
Solving Eq. (13), and finding unknown
vector X, will yields the closed form of the
Green’s functions. If the exciting load be
assumed as point source, the excitation
source has the function as:
f v (r ,  , z )  Fv

 (r )
 ( z  s)eit e z
2r

(28)

in which Fv : is the magnitude of load and
𝛿: is Dirac-delta function. Eq. (28) has a
Hankel transformed state as:
Z  Fv / 2

(29)

Similarly, for a circular patch load with
radius a, the load function in the Hankel

To show the efficiency of the method that is
used here, the solutions are comprised with
existing result of some special forms. For
comparison, it is assumed that the h = 0 and
the answers comprised with the existing
answers (Pooladi et al., 2017).
In another special state, the half-space is
assumed as a solid transversely isotropic
material and the answers are compared with
available results (Abubakar and Hudson,
1961). The answers show that the phase
velocity dispersion of Stnoneley wave has a
good agreement in both works. The material
which were used in this paper have the
properties of a Beryl rock as Table 1
(Abubakar and Hudson, 1961).

𝑢𝑧 (0,0,𝑧; ω=0.5)/𝑓𝑣

0.7
Re Current Study
Re Pooladi et al. 2017
Im Current Study
Im Pooladi et al. 2017

0.4
0.1
-0.2
-0.5
0

1

2

3

4

𝒛/𝒂
Fig. 3. Real and imaginary parts of uz for transversely isotropic one layered porous media (Pooladi et al., 2017)
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Table 1. Material properties of Solid at (Abubakar
and Hudson, 1961)
ρs/ρl
csv/cl
cp/csv
2
1.414
2.032

the numerical results have been obtained for
different values of these parameters. The
basic material properties used in this section
are similar to Table 2. The constants in
Tables 1 and 2 are for isotropic materials.
To illustrate the effect of anisotropy values
for ne are used, which is the ratio of 𝐸 ′ /𝐸.
Where 𝐸 ′ and E denote Young’s moduli in
the plane of isotropy and in the direction
normal to it (along the z-axis). Source of
excitation is assumed as a circle area with
radius of a, and at the interface of two
layers. In Figures 5-8, the numerical result
for h=a are represented for two different
frequencies. The horizontal axis of
displacements is normalized by u* = u/fv
and the vertical axis by z/a.

In this table, Csv and Cp: are respectively the
velocity of SV and P waves in the bed rock.
Also Cl: is the compressional wave velocity
in the liquid. It should be noted that the
horizontal axis is normalized by
multiplying the wave number ξ at the depth
of the liquid h. The equation of dispersion
of wave velocity is calculated by equaling
the determinant of matrix M.
5. Numerical Results
To study the effect of anisotropy,
frequency, and the depth of the liquid layer,

Table 2. The non-dimensional material properties of porous media (Pooladi et al., 2017)
Material
A11
A12
A33
A13
A44
M
ρ
ρf
b
β
m
3.5
1.5
3.5
1.5
1
12.2
1
0.53
10
0.97
1.10
Mat 1

φ
0.4

1.4
1.3

Abubakr & Hudsun 1961

Current Study

v/cl

1.2
1.1
1
0.9
0.8
0

0.5

1

1.5

ξh

2

2.5

3

3.5

4

Fig. 4. Stoneley wave phase velocity for a liquid overlying on a transversely isotropic bed rock (Abubakar and
Hudson, 1961)
Re. uz (0, 0, z; ω=0.5) for h=a
-0.2
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0.6

0.8

0

z/a

2
4
6
8

ne=2

ne=1

ne=0.5

10

Fig. 5. Real parts of patch-load displacement Green’s functions uz along z axis for ω = 0.5
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Im. uz (0, 0, z; ω=0.5) for h=a
-0.7

-0.35

0

0

z/a

2
4
6
8

ne=2

ne=1

ne=0.5

10

Fig. 6. Imaginary parts of patch-load displacement Green’s functions uz along z axis for ω = 0.5
Re. uz (0, 0, z; ω=2) for h=a
-0.3

-0.25
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-0.15
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-0.05

0

0.05

0.1

0.15

0

z/a

2
4
6
8

ne=2

ne=1

ne=0.5

10

Fig. 7. Real parts of patch-load displacement Green’s functions uz along z axis for ω = 2
Im. uz (0, 0, z; ω=2) for h=a
-0.9

-0.6

-0.3

0

0.3
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0.9

0

z/a

2
4
6
8
ne=2

ne=1

ne=0.5

10

Fig. 8. Imaginary parts of patch-load displacement Green’s functions uz along z axis for ω = 2

As it is clear in the profiles, the vertical
displacement increases with the reduction
in the value of ne, which generally reflect
the effect of Young’s moduli in vertical
direction normal to the plane of isotropy.
Also when the frequency or ne increases,
the oscillation behavior of the medium has
been increased.
Figures 9 and 10, show the stresses in the
media with two different liquid layer
thicknesses. As the profiles exhibit, with

reduction in the liquid thickness, the real
part of the normal stresses in the porous
half-space, at the interface increases and the
oscillation behavior of the liquid layer
decreases. However, the oscillation
behavior in porous half-spaces in both
thicknesses are similar.
6. Discussion and Conclusions
In the present paper an analytical treatment
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exhibited to solve the elastodynamic
boundary value problems concerning a
liquid layer with limited thickness,
overlying on a transversely isotropic
poroelastic half-space. The exciting load
was assumed to be at the interface of two
media, and with axisymmetric shape.
Potential function method has been used to
solve the differential equations, and stresses
and displacements in two media, has been
expressed in terms of potential function. A
computer code were developed to evaluate
the integrals to obtain results of interior
displacements and stresses.
From the results it is obvious that the
liquid layer thickness has an important role
in the results. As the figures show, the
magnitude of stress in each domain depends
on the liquid thickness. Also by increasing
the liquid layer thickness, the displacement

at the interface will increase.
Anisotropy degree is another important
parameter that affect the results. Numerical
results demonstrate that, when the
deformability in of the half-space material
in the direction parallel to the load
decreases, the oscillatory behavior in
displacements (both real and imaginary
parts) have noticeable reduction. The
frequency has a key role in results too, its
effect is similar to anisotropy degrees. As
the frequency increases, of the results show
more oscillatory behavior. In high
frequencies, resultant disturbances decrease
in amplitude at points far from the
excitation. In low frequencies the maximum
value of the results occurs at the load level.
However, in high frequencies it may occur
in both mediums, and it depends on the
anisotropy degree.

Re. uz (0, 0, z; ω=2) for ne=1
-0.6

-0.3

0

0.3

0

z/a

2
4
6
h=a

h=2a

8
10

Fig. 9. Real parts of patch-load stresses Green’s functions uz along z axis for ω = 2
Im. uz (0, 0, z; ω=2) for ne=1
-0.6

-0.3

0

0.3

0

z/a

2
4
6
8
h=a

h=2a

10

Fig. 10. Imaginary parts of patch-load stresses Green’s functions uz along z axis for ω = 2
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In all the figures, (except real part of
stresses) there is a gradient discontinuity in
plane that load acts. But in stress profiles,
the real parts undergo a jump but the
imaginary part remain continues.
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