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ABSTRACT: Finding a suitable estimation of stability domain around stable equilibrium
points is an important issue in the study of nonlinear dynamical systems. This paper intends
to apply a set of analytical-numerical methods to estimate the region of attraction for
autonomous nonlinear systems. In mechanical and structural engineering, autonomous
systems could be found in large deformation problems or control of structures. In order to
have an appropriate estimation of stability domain, some suitable Lyapunov functions are
calculated by satisfying the modified Zubov's partial differential equation in a finite area
around the asymptotically stable equilibrium point. To achieve this, the techniques of
Collocation, Galerkin, Least squares, Moments and Sub-domain are applied. Furthermore, a
number of numerical examples are solved by the suggested techniques and Zubov's
construction procedure. In most cases, the proposed approaches compared with Zubov’s
scheme give a better estimation stability domain.

Keywords: Asymptotically Stable, Autonomous Systems, Lyapunov Function, Method of
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INTRODUCTION

The investigation of stable equilibrium
points could be helpful to interpret the
characteristics of nonlinear dynamical
systems. These points play an important role
in many scientific and engineering problems.
There are countless numerical methods
which can analyze a system in the time
domain. These techniques reveal the system
behavior for a particular initial condition. In
other words, they do not draw a general
picture of properties for a nonlinear
dynamical system with initial independent
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parameters. Therefore, an analytical method
is needed to study the characteristics of
stability problems. To do this, Lyapunov
(1892) established a powerful concept of
stability for ordinary differential equations
(Khalil, 2002; Wiggins, 2003). Testifying
the stability of an equilibrium point without
solving the equations of motion is an
advantage of Lyapunov’s theorem. In this
context, many efforts have been made by
researchers in aerospace, mechanical and
structural engineering areas (see for
example, Lewis, 2002 and 2009;
Tylikowski, 2005 and Pavlovi¢ et al., 2007).
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Having a suitable estimation of stability
domain for asymptotically stable equilibrium
points is a substantial issue in engineering
problems. To have such estimations, several
approaches have been proposed (Genesio et
al., 1985). A subclass of these analytical
techniques is known as Lyapunov methods.
In these methods, an optimal Lyapunov
function is computed to find a conservative
region of attraction in some neighborhood of
asymptotically stable equilibrium points
(Tan, 2006; Tan and Packard, 2008; Chesi et
al.,, 2005). Lyapunov methods are well
addressed in the literature (see for instance,
Chesi, 2007; Johansen, 2000; Kaslik et al.,
2005b and Giesl, 2007).

Zubov’s studies showed that the
Lyapunov function satisfying a certain
partial differential equation obtains the entire
stability domain (Kormanik and Li, 1972;
Camilli et al., 2008). In most cases, it is
hard, if not impossible; to find a closed form
solution for Zubov’s Partial Differential
Equation (PDE) (or modified Zubov’s PDE).
Hence, a number of numerical methods can
be applied to approximate the region of
attraction. Using power series (Margolis and
Vogt, 1963; Dubljevi¢ and Kazantzis, 2002;
Fermin Guerrero-Sanchez et al., 2009), Lie
series (Kormanik and Li, 1972), rational
solution (Vannelli and Vidyasagar, 1985;
Hachicho, 2007), sum-of-squares method
(Peet, 2009) and other numerical techniques
(Kaslik et al.,, 2005a; O’Shea, 1964;
Rezaiee-Pajand and Moghaddasie, 2012;
Giesl, 2008; Giesl and Wendland, 2011)
could be helpful to achieve a conservative
stability domain. Although Zubov’s PDE is
formulated for some particular non-
autonomous systems (Aulbach, 1983a and
1983b), most of the numerical methods are
applicable to autonomous systems. It is
noteworthy that in some engineering
problems, the averaging technique can
transform the non-autonomous system into
the autonomous system with an acceptable
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level of accuracy (see, for example, Gilsinn,
1975; Yang et al., 2010 and Hetzler et al.,
2007).

In this paper, the modified Zubov’s
partial differential equation is approximately
solved using the weighted residuals method
for autonomous systems including an
asymptotically stable equilibrium point in
the origin. As such, we introduce a class of
Lyapunov functions, which is a linear
combination of polynomial basis functions.
The capability that the Lyapunov functions
can be simulated in n-dimensional spaces is
an advantage of the suggested basis
functions. By wusing the techniques of
Collocation,  Galerkin, Least squares,
Moments and Sub-domain, an error function
iS minimized in the vicinity of the
equilibrium point to obtain the supposed
Lyapunov function. Afterwards, a global
optimization procedure is applied to estimate
the boundary of stability domain. Since the
proposed Lyapunov function is polynomial,
the theory of moments is used to solve the
optimization problem. Larger conservative
estimation of stability domains with less
polynomial terms is the superiority of the
proposed method in comparison with
Zubov’s construction procedure.

This paper is presented in nine sections.
Section 2 presents some required definitions
and reviews the Lyapunov stability theorem.
In addition, a powerful procedure is
described to obtain a conservative region of
attraction. This consequently leads to
introduce a useful global optimization
method for polynomial nonlinear systems
with a polynomial Lyapunov function in
Section 3. Section 4 addresses the modified
Zubov’s PDE for autonomous systems. This
partial differential equation can lead to the
exact stability domain in some particular
cases. Furthermore, Zubov’s construction
procedure, which is only applicable to
polynomial nonlinear systems, is explained.
Section 5 introduces the method of weighted
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residuals and addresses the five most
common subclasses of this technique. In
Section 6, a suitable basis function is
proposed for multiple scalar differential
equations. Section 7 presents the numerical
implementation of the suggested method.
Some numerical examples are provided to
prove the qualification of the proposed
technique in Section 8. Although, the
suggested method is applicable to any
autonomous system with asymptotically
stable equilibrium points, the most of
examples are taken from large deformation
problems in this research. In order to
compare the results of the Zubov’s
construction procedure and the proposed
technique, all the examples are polynomial
nonlinear. Finally, concluding remarks are
given in Section 9.

LYAPUNOV STABILITY THEOREM

In this section, the stability of a nonlinear
dynamical system is investigated by the
stability theorem of Lyapunov (Khalil, 2002;
Wiggins, 2003). To do this, the governing
equations of a nonlinear system should be
transformed into a finite number of coupled
first-order ordinary differential equations:

X =f(xlt),XeR”,teR (1)
where X represents the time derivative of
independent variables x. Since f is a

function of t, Eqg. (1) is a non-autonomous
system. Inhere, a subclass of Eq. (1) called
an autonomous (or time invariant) system is
studied:
x=f,,xeR",teR @)
A noteworthy concept in stability theories
is the equilibrium point. If the initial state,

Xq,)» (OF X,) starts at x, and stays at this
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point for all future time, x, is an equilibrium
point of that dynamical system. According to

this definition, the real roots of the following
equations are the equilibrium points of the
autonomous system (Eq.(2)):

foy =0 ®)
The equilibrium point x, is stable, if
Ve >0,thereisa ¢ >0 such that:

o =X | < 6 = “x(t’XO) —X <&, Vi=t, (4

Similarly, the equilibrium point, x,, is
called asymptotically stable, if it is stable
and there exists a ¢ > 0 such that:

Xo =X, [| <= Lim x,,, =X, 5)
t—>w

Another beneficial concept in stability
theories is the region of attraction or stability
domain (S ) which is defined as follows:

S = {xo eR" Lim X, ,= xe} (6)
t—>o0

It is important to highlight that by a
simple change in variables, the supposed
equilibrium point can be shifted to the
origin. This paper studies autonomous
systems including an asymptotically stable
equilibrium point at the origin (x, =0)
without loss of generality. In order to
investigate the stability of the origin, a
continuously differentiable function
V:D—>R is defined (Hachicho, 2007);

where D cR". V,,, is positive definite (or

positive semi-definite) in D, if the condition
(Eq. (7)) is held:

V., =0andV,

© o >0 (orVv

>0),VxeD-{0}
U]

(x)
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In the same way, if -V, is positive
definite (or positive semi-definite), V,, is
known as a negative definite (or negative
semi-definite) function. The time derivative

of this energy like function along the
trajectories of Eq. (2) is as follows:

Ny .
=2 % =WV
OX

w " T ®)

According to  Lyapunov's  stability
theorem, x =0 is a stable equilibrium point,
if there exists a function V., with the

following conditions:
1-V,, isapositive definite functionin D.

2 - V'(X) Is negative semi-definite in D.
In addition, if \/(X) IS negative definite in

D—{O}, the origin is asymptotically stable.
The continuously differentiable function,
Vi, Which is satisfying the mentioned

conditions, is called a Lyapunov function for
the nonlinear dynamical system.

A very beneficial theorem, which is
immediately obtained from Lyapunov's
stability theorem, is that if all the
eigenvalues of matrix of ) /ox at x=0

have negative real parts, the origin is
asymptotically stable. On the other hand, if
one or more real parts of the eigenvalues are
positive, the origin is unstable (Khalil,
2002). Needless to say, for any dynamical
system including a stable (or asymptotically
stable) equilibrium point at x=0, a
countless number of Lyapunov functions
could be found. Each Lyapunov function and
its time derivative can be helpful to find a
conservative estimation of stability domain
(Vannelli and Vidyasagar, 1985). To achieve
this, domain Q is defined:

Q={xeR"|V,, <0} ©)
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Therefore, the estimation of a guaranteed
region of stability is as follows:
Vi < c*}

S={xeR" (10)

where c* is the largest positive value
keeping S in the interior of Q. As a result,
finding c* is an optimization problem and
can be rewritten as a global constrained
optimization problem (Hachicho, 2007):

c*=minV,,

V'(X) =0 11)
X#0

Furthermore, the following equation

displays the boundary of the attraction
region:

Vg =C* (12)
Obviously, a suitable Lyapunov function

could give a less conservative estimation of
stability domain.

GLOBAL OPTIMIZATION
POLYNOMIALS

OF

Finding the exact solution of the global
constrained optimization problem, Eq. (11),
would be impossible in most nonlinear
problems. However, in the case of
polynomial systems with a polynomial
Lyapunov function the application of the
theory of moments can be used to transform
this global optimization into a sequence of
convex linear matrix inequality (LMI)
problems (Hachicho, 2007; Lasserre, 2001).
Hence, the following optimization problem
is considered:
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min P
g, 20i=Lr (13)

where p,, :R" >R and 9i :R" >R
are real-valued polynomials of degrees at
most m and w,, respectively. For more

simplification, the following notation is used
for polynomials:

(14)

In a similar way, gi, Can be written as
follows:

n

n
_ B B _ s i
gi(x)_zﬁ gs X", X _| |xj',§ﬂj£vvi,|_l ..... r
j=1

=

Now, vector y=1{y_}, where y, is the

o -order moment for some probability
measure, u, is defined. Moreover, its first

element (y, ,) is equal to 1. For instance,

Eq. (16) illustrates y_ for a two-dimensional
(n=2) problem:

iy = [ XX #(d(x,%,)) (16)

After all elements of vector y are
computed, they establish the corresponding
moment matrix M In the case of a two-

m(y) -
dimensional problem, M., is a block
matrix:

Mny) = {Mi,ny)}ogi,jgm (17)

where each block isa (i +1) x (j +1) matrix:
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Yisjo o VYirjas Yiij
Yirjar  VYisj-22 Yiju
Miiw=|" : :
Yii Yjaia Yo,is]

(18)

On the other hand, if the element (i, j) of
the matrix M, (M .,;;) equals to vy,
where subscript S is a function of i and j,
and the polynomial q,, = > q, x* is given,

then the elements of moment matrix M

m(ay)
are defined as follows:
Moy = 20 Ysia (19)
Afterwards, the LMI optimization
problem, Eq. (20), is considered:
inf
ADILAE
My 20 (20)
My sy 20,i=1,....1

where W, =[w, /2] is the smallest integer
larger than w;, /2, and N should satisfy the
following conditions:

wff

N=w ,i=1,...,r

(1)

Lasserre’s work shows that the infimum
value of >’ p,y, in the LMI problem, Eq.

(20), converges to the minimum value of
P in the global constrained optimization

problem, Eq. (13), by increasing the order of
N (Lasserre, 2001). Consequently, the
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optimization problem, Eqg. (11), can be
transformed into a simple LMI optimization
problem for polynomial systems with the
polynomial Lyapunov function using the
theory of moments (Hachicho, 2007).

ZUBOV'S METHOD

In section 2, the importance of Lyapunov
functions in the analysis of the stability
domain is described. Here, Zubov’s partial
differential equation (PDE) for autonomous
systems is introduced (Kormanik and Li,
1972; Margolis and  Vogt, 1963).
Furthermore, a construction procedure for
polynomial dynamical systems is presented.
Zubov's method looks for the functions u,,

and ¢, such that satisfy the following

equations (Camilli et al., 2008; Vannelli and
Vidyasagar, 1985):

U =0

Uy = VU - Ty == 00 (1=Uy) 1+ Ty - Ty

(23)

(22)

where ¢, is a positive definite function.
The exact solution of partial differential Eq.
(23) with condition of Eq. (22) for
autonomous systems obtains the whole of
stability domain:

SZ{XGR” 0<uy, <1}

(24)

Consequently, the boundary of stability
domain has the following form:

Uy, =1 (25)

It should be emphasized that Eq. (23) is
complicated to solve. Hence, when f . is

continuously differentiable in the
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neighborhood of the origin, the following

PDE can be used instead of Eq. (23):
lJ(x) = vu(x) : f(x) :_(P(x)(l_u(x)) (26)

In a similar way, the stability domain and

its boundary are derived from Egs. (24) and
(25), respectively (Margolis and Vogt, 1963;

Vannelli and Vidyasagar, 1985). The
transformation  V,, =—In(1-u,) can
change Eqg. (26) into a simpler form:

v(x) = Wi frg =0 @7)

Subsequently, the region of attraction and
the equation of its boundary are as follows:

0<V,, <+

s={xeR"[0<V,

V

(28)

0 = +® (29)

Eqg. (27) is called the modified Zubov's
PDE. Although Eq. (27) is quite simpler than
Eg. (23), in most cases, it is hard or

impossible to find the exact solution of V,,.

Consequently, the approximate methods can
be utilized to convince the modified Zubov's
PDE in some neighborhood of the origin. It
should be noted that the approximated
Lyapunov function, V,,,, is applicable when

x satisfies the conditions given in Egs. (9)
and (10).

In the case of polynomial nonlinear
systems, the power series approximation of
V., could be useful to conservatively

estimate the stability domain (Margolis and
Vogt, 1963):

Vi =V, +V5 +-- (30)

where V, is a homogenous polynomial

relative to x of the n™ power with unknown
coefficients. After substituting Eq. (30) into
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Eq. (27) and equating the coefficients of
similar terms, one can obtain a set of linear
equations, which can be solved successively.
Therefore, the series approximation of
Lyapunov function, V,,, up to the n™ power
will be available. This technique is called
Zubov's construction procedure. Figure 1
displays the required terms for a Lyapunov
function with two independent variables X,

and x, up to the 3" power.

Fig. 1. The required terms for approximate V with
two independent variables X; and X, .

As previously mentioned, Zubov's
construction procedure can be utilized for
polynomial nonlinear systems. This method
basically satisfies Eq. (27) up to the n"
power and neglects the higher terms. Hence,
the approximation error will increase when
X goes away from the origin. In the next
section, a number of homogenous
techniques, which are able to approximately
satisfy the modified Zubov's PDE (27) in
some neighborhood of the stable equilibrium
points for non-polynomial  dynamical
systems, are proposed.

METHOD OF WEIGHTED RESIDUALS

In the previous section, it is demonstrated
that if there is a Lyapunov function V,
satisfying the modified Zubov's PDE for an
autonomous system, the exact solution of
stability domain will be achieved when
0<V, <+oo. On the other hand, it is

impossible to find the exact solution of
stability = domain  in most  cases.

Consequently, the approximate techniques
can be utilized to have a conservative
estimation of stability domain. To do this,
the method of weighted residuals is
introduced.

Unlike Zubov's construction procedure,
the weighted residuals approach minimizes
the approximation error all over the domain
of integration. This means that the
approximation error is uniformly distributed
in some neighborhood of the origin.
Furthermore, the  weighted  residual
technique is applicable to non-polynomial
systems. Inhere; the five most common sub-
methods of this technique are reviewed. The
sub-methods dealt with in this research
include  Collocation,  Galerkin, Least
Squares, Moments and Sub-domain. In
addition, a suitable basis function is also
introduced in order to to solve the partial
differential ~ equations  with  several
independent variables.

The method of weighted residuals

assumes that the Lyapunov function V,, is a
linear combination of basis functions N,
which are linearly independent (Akin, 2005).
This can be written as follows:

Vig =2 Nigy Vi (31)

where V; represents the value of V,, at the
particular point x,. Egs. (32) and (33) show

the conditions that basis functions should
satisfy:

Nin)=1,% =X;

’ (32)
Nigg) =0.% # X
> N =1 (33)
i=1
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By  substituting the  approximate
Lyapunov function, Eg. (31), into the
modified Zubov's PDE, Eq. (27), a residual
function R ,, is generated:

(le VNJ(@VJ‘J' foo + P =R (34)
J:

In order to minimize the residual function
in a supposed domain I', a set of weighted
integrals of R, is presumed to be equal to

ZEro:

.[rWi(x)R(X)drzo’i:]'"“’m (35)

where w;,, denotes the " weighting
function. Since there are m unknown values
of V, in R,, m weighted integrals are

needed to have m equations. The matrix
form of Eq. (35) is derived by substituting
Eqg. (34) into Eq. (35):

[A] mxm {\/}mxl = {B}mxl (36)
where
ay =] Wiy (VN fooJ AT i j=1,..m
(37)
b, :—Irwi(x) P dr,i=1,....m (38)

It is noteworthy that the integration
domain ' should be contained in the
stability domain and the stable equilibrium
point is required to be included. Another
point is that the linear Eq. (36) is not
independent.  Therefore, the boundary
condition, Eq. (7), at the origin should be
added to the Eq. (36):

34

Vi =D Ny V; =0 (39)
i=1

Eg. (39) and condition of Eq. (32)
demonstrate that if one node is placed at the
origin (for example, the o™ node), Vv, is
equal to zero. When the values of the
computed Lyapunov function at x, are
achieved V,, will be obtained using Eg.
(31). Subsequently, the stability domain will
be estimated by Egs. (9) and (10).

The choice of weighting function is the

main difference between the sub-methods of
the weighted residuals.

Collocation Method

In this technique, the weights are
assumed to be a Dirac Delta function:
Wiy =Opxy 1 =1,...,m (40)

The properties of the Dirac Delta function
are as follows:

Oy = FTO, X=X
| (41)
Opxy =0 X#X
J.r Opx) Quog AT =Qqy X €T (42)

It can be concluded from Eqgs. (35) and
(42) that the residual error vanishes at the

particular points x, in the Collocation
method:

Ry =0,i=1...m (43)
Galerkin Method
The weighting functions are presumed to

be the basis functions, N;., , in this

approach. More clearly, the residual error is
forced to be orthogonal to the basis functions
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in the Galerkin technique. As a result, the
following condition is held:

[ Nigg Ry dT=0,i=1,...,m (44)

Least Squares Method
The residual error, R ,,, exists throughout

the integration domain, I'". A criterion that

could denote the total error, e, is the sum
of R}, all over I':
€ total — J.l" R(zx) dr (45)

In order to find the minimum value of the
total error, the derivative of e ., with

respect to V. should be equal to zero. This
leads to the following relation:

aetotal :2'[ aR(><) R
oV, oV

wdl=0,i=1,...,m

(46)

The comparison between Egs. (46) and
(35) reveals the value of the weights in the
Least Squares method:

R,y .
—=,1=1,....m
oV

Wiy =2 (47)

It should be noted that the coefficient
matrix [A],... in Eq. (36) is symmetric in the
Least Squares technique:

Method of Moments

In this approach, the weighting functions
are chosen from the terms of the
polynomials:
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n

o
Wi =[x i=1,....m

gq=1

(49)

where x, represents the g™ component of
variable vector x and «, is a non-negative
scalar number. The maximum value of «,

depends on the number of nodes laying on
the direction of the g™ coordinate.

Sub-Domain Method
The weights in this technique are defined
as follows:

1,xel; .
Wiy = i=1,...,m

) 50
0,xel (50)

The sub-domains I'; are non-overlapping
and completely fill the integration domain

I

LA =9,i=j,ij=1..m (51)

(52)

Consequently, Eq. (35) can be rewritten
in the following form:

IriR(X)dF:O,izl,...,m (53)

The most important point is that the
method of weighted residuals works
properly when a set of basis functions
compatible with the nature of the dynamical
system is applied. A suitable basis function
which can be used for multiple scalar
differential equations is introduced in the
next section.

BASIS FUNCTIONS IN
N-DIMENSIONAL PROBLEMS

As previously mentioned, the method of
weighted residuals minimizes the residual
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error over the integration domain, T .
Depending on the number of independent
variables n, the integration domain is defined
in an n-dimensional space including the
origin. An n-dimensional cuboid could be an
appropriate suggestion for I' for solving the
modified Zubov's PDE with n independent
variables:

F:{XGR“ ‘xq —xqo‘s L, ,qzl,...,n}

(54)

where X, is the q™ component of the cuboid
center x, and 2L, represents the length of
the side dealing with the direction x,. The

following transformation changes the
integration domain into a simpler form:
X, — X
& =—"—"q=1..n (55)
Lq
r={¢eRr"lg|sLa=1...nf 8

Eqg. (56) represents an n-dimensional cube
in space & with the center at the origin. If
this cube is divided into n-dimensional cubic
subspaces using a regular grid, the vertices
of these subspaces could be a set of suitable
locations for internal and external nodes. An
example of node arrangement is given in
Figure 2 for the two-dimensional space ¢&.

S

-~

S

Fig. 2. An example of node arrangement for 2D
space.
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If the number of nodes in each principal
direction is an odd number, there exists a
node in the origin. Consequently, the
boundary condition, Eq. (39), becomes
simpler. Furthermore, the total number of
nodes, m, is a product of the number of
nodes in each axis. In order to generate the
basis functions in n-dimensional spaces, the
following product of polynomials in
principal directions could be helpful to find a
systematic method (Zienkiewicz and Taylor,
2000):

N(E)ZHN;(gwi:l’---’m (57)
q:

where the superscript i indicates that the
supposed basis function belongs to the i

node. If each Nq‘@q) satisfies the conditions

of Egs. (32) and (33) in axis &, , the obtained
basis functions N(g) in Eq. (57) also satisfies

these conditions in n-dimensional spaces &.
For this purpose, the Lagrange polynomials

for Nq‘@q) are suggested (Ralston and

Rabinowitz, 1978):

i & & {izl,...,m
NJo =T 2L, (58)
9(5) ng— “la=1...n

where k represents a set of points in the
direction of axis &, except point i. In

addition, qu denotes the value of £, at the

k™ point. Figure 3 displays the basis function
of point i shown in Figure 2 and its first
component:
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(a)

ri
“\Hfu\

&1

(®)

Fig. 3. (a) The basis function of the point i (b) The first component of the basis function.

It should be noted that the terms used in
Zubov's construction procedure are different
from the terms applied by the proposed basis
function. The maximum power of & in
Nq‘(éq) is equal to the number of nodes
laying on the g™ axis minus one. On the
other hand, the product of these components
generates some higher terms. Figure 4 shows
the required terms for a 2D problem with
4x4 nodes.

The comparison between Figure 1 and
Figure 4 reveals that some additional terms
are needed to build the basis functions. The
integration process in n-dimensional space
& for polynomial dynamical systems is quite

simple:

0 ,if gisodd
+1
[leraz-| 2

——,if B is even
1+p5 P

(59)

Another important issue regarding the
suggested method is that the linear change of
variables causing shift, rotation, scaling and
so on in the integration domain, I'", can
affect the final result. Therefore, the union of
the estimated stability domains is the largest
conservative region of attraction.
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Conversely, the linear change of variables
has no effect on the final result of Zubov's
construction procedure.

xlx]

i

Fig. 4. The required terms for a 2D problem with
4x 4 nodes.

COMPUTATIONAL STEPS

As suggested in this paper, the modified
Zubov's partial differential equation is
approximately solved using the method of
weighted residuals. The same strategy is
applied for all sub-methods. Therefore, the
same basis functions are proposed for all
weighted residuals methods. The only
difference is in the selection of weighting
functions. The steps needed to be taken for
the application of the suggested method are
described below.
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Step 1

The estimation of integration domain, I",
is the first step to be taken in the proposed
technique. Since the modified Zubov’s PDE
is defined in the region of attraction, the
integration domain should be contained in it.
In this way, an initial I" is assumed. If it is
located in the unknown exact stability
domain, the estimated region of attraction
could help choosing a new and, of course, a
larger integration domain. Otherwise, we
think that the computed stability domain will
be quite smaller than I'. To explain this, it
should be noted that the method of weighted
residuals attempts to find a suitable

Lyapunov function, V,,,, which its time

derivative with respect to the time (V) is
approximately equal to the negative definite
function —¢,, over I'". On the other hand,

according to Egs. (9) and (10), there is at
least one point in the boundary of the
computed stability domain at which V is
equal to zero. Consequently, there should be
a huge jump in the time derivative of
Lyapunov function around this point. This
phenomenon can cause an inappropriate
impression on the weighted residuals
method.

Step 2
As previously mentioned, the Lyapunov

function, V,,, is replaced by a linear

combination of the basis function, N;,, .

Depending on the nature of the dynamical
system, a set of suitable basis functions is
chosen. These functions should convince the
conditions of Egs. (32) and (33). In addition,
according to the modified Zubov’s partial
differential equation, N,,, should be

continuously differentiable all over the
integration domain, I". An example of basis
functions applied to n-dimensional space X
Is proposed in the previous section.
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Step 3

After constructing the approximate
Lyapunov function, the residual error can be
minimized using the method of weighted
residual. To do this, the weighting functions
are chosen. Consequently, the coefficients of
the linear Eqg. (36) are obtained using EQs.
(37) and (38). As previously mentioned, the
Eq. (36) is not linearly independent. In order
to achieve the value of the Lyapunov

function at particular point x,, the boundary

condition (39) is added to (36). As a result,
the approximation of V,, will be derived

using Eq. (31).

Step 4
At the final step, domain Q is obtained.
In this domain, the time derivative of the

Lyapunov function, V,,, is negative semi-

definite. Afterward, the region of attraction
will be in hand by finding the maximum
value of ¢* which keeps S in Q (Eg. (10)).
In this way, the theory of moments
transforms the global optimization problem,
Eg. (11), into a sequence of the convex LMI
problem, Eqg. (20).

NUMERICAL EXAMPLES

In this section, some problems are
numerically  solved to show the
qualifications of the suggested method.
Hence, the stability of five multiple scalar
differential  equations  including an
asymptotically stable equilibrium point at
the origin are investigated. Most of the
examples are large deformation problems in
mechanical and structural engineering. Since
Zubov’s construction procedure is only
applicable to polynomial nonlinear systems,
non-polynomial differential equations are
not concerned in this paper. Furthermore, in
order to have a better comparison between
various methods, the same format is
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assumed for function ¢,, in the modified
Zubov’s PDE:

Dy = Zl X; (60)
g=

It is needless to say that all approaches
mentioned in this survey obtain the region of
attraction conservatively. Therefore, the
largest estimated stability domain is closer to
the exact solution compared to the other
estimations. In diagrams presented here,
solid and dashed lines indicate the boundary
of stability domains given by the suggested
method and Zubov’s construction procedure,
respectively. In all examples, the number of
terms used in Zubov’s method is greater than
the number of terms constituting the
Lyapunov functions.

Example 1

A simple example of the nonlinear
dynamical system with one degree of
freedom is shown in Figure 5 (Thompson
and Hunt, 1984). In this system, a rigid body
under vertical loading is supported by a truss
bar. Large deformation in this member
makes the equation of motion nonlinear.

L=1™

Fig. 5. A rigid body supported by a truss bar.
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All  mechanical properties of the
dynamical system are specified in Figure 5.
If & is assumed to be the only degree of
freedom, the energy terms are as follows:

T =%m(L6'?)2 (61)
U :% EALsin’ 6 (62)
W, =PL(1-coséd) (63)
W, =~ (c6)do (64)

where T and U are the kinetic and strain
energies, respectively. In Eqg. (62), it is
presumed that the displacement along the
truss bar varies linearly. Hence, U is a
function of the Green strain ¢ (Crisfield,
1991):

U= % EAL,, &’ (65)
Where
L2-L%, sin@

21, 2

In addition, the existence of the external
work, W,, and the non-conservative work,

W, ., are due to the external load, P, and the

rotational damper, c, respectively. The
Lagrange equation of motion is as follows
(Wiggins, 2003):

mL? é+cé+% EALsin20-PLsin@=0
(67)
This equation shows that 6 =0™" is an

asymptotically stable equilibrium point for
P<P, (P, =+0.35355EA). In order to
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convert differential Eg. (67) to an
autonomous system, the following change of
variables is required:

X, =0
X, =0

By substituting the values of m,c, EA,
L and P into Eq. (67) and considering Eqg.
(68), an autonomous system including an
asymptotically stable equilibrium point at
the origin will be at hand:

(68)

X =X,
. . : (69)
X, ==10X, +sinx, —1.7678sin 2x,

Eg. (69) is not polynomial nonlinear.
Therefore, the expansion of Taylor series
around the origin up to the 5" power could
be helpful:

X =%
{xz =-2.5355 X, —10 X, +2.1904 X’ -0.46307 X’
(70)

Figure 6 displays stability domains
estimated using the proposed methods and
Zubov’s construction procedure. As seen,
the Collocation technique provides the

largest region of attraction. On the other
hand, there is not a solution for Eq. (35) and
boundary condition, Eqg. (39), when the
method of Moments is applied. The
estimation of  Zubov’s  construction
procedure is contained in all other computed
stability domains. The application of
Galerkin and Sub-domain methods provide
similar results. Finally, the region of
attraction obtained using Least Squares has
an area between estimations resulted from
Galerkin technique and Zubov’s method.
Here, the integration domain T is
assumed to be a square which sides have
length 2 with the center at the origin. In this
example, 3 x 3 nodes are considered over the
integration domain for the method of
weighted residuals. Consequently, the
Lyapunov functions computed using the
suggested techniques include 9 terms.

Hence, the maximum power of X, is equal

to 2. Furthermore, the modified Zubov’s
PDE in Zubov’s construction procedure is
satisfied up to the 3™ power. This means that
the Lyapunov function calculated using
Zubov’s method includes 10 terms. Figure 7
shows the computed terms in Lyapunov
functions and the largest possible value of

20

20

xl(rad)

Fig. 6. Stability domain computed by the suggested techniques (solid) and Zubov’s method (dashed).
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0.0 x)x} 0.0 xx]
[ ooaxx [ o0xw ] [ ooxx [ ooxw ]
| 62766 xx) | 412372 xlx) [ +0.11186 203 | [ ooxx) ] 0.0 xlx} | o0oxx |
l 0.0 x/x} l 0.0 x/x; I l 0.0 x'x} I 0.0 x/x;
0.0 x'x} 0.0 x'x}
(a): Collocation (¢" = +12.687) (d): Moments (¢” =0.0)
0.0 xx) 0.0 xx?
[ 0.0 x/xy I 0.0 x/x} | | 0.0 x/x7 [ 0.0 x/x} [
| +4.1880 x}x) | +081416 xjxi [ +0.080926 xx} | | 39443 ¥l | +0.76596 xjxi [ +0.082465 xx} |
| 0.0 x/x} | 0.0 x/x7 | | 0.0 x/x} I 0.0 x/x} I
+0.016243 x'x; +0.0099994 x/x;
(b): Galerkin (¢’ = +8.4232) (e): Sub-domain (¢" = +7.9247)
0.0 x{x) 0.0 x{x)
I 0.0 x/x} | 0.0 x'x} | | 0.0 xx} I 0.0 x)x} l
[ 436847 xx) | +0.71442 xlx] [ +0.076944 xx? | | +2.1487 532 [ +039439 xlxl [ 40069720 2%} |
[ ooxx [ 00xx | [ 00xx [ o0o0xd | 00xx | 00axx |
+0.024919 x'x;
(c): Least Squares (¢ =+7.4119) (): Zubov (¢" =+4.0614)

Fig. 7. Lyapunov function terms and ¢" for (a) Collocation (b) Galerkin (c) Least Squares (d) Moments (e) Sub-
domain (f) Zubov.

Example 2 mi+cu+ku=0 (71)
The nonlinear spring-mass system in
Figure 8 is an example of autonomous The equation of motion becomes simpler
systems (Khalil, 2002). This system is by substituting the values of m, ¢ and k in
composed of a mass m connected to the (Eq. (72)):
support using a nonlinear spring, k, and a
linear damper, c. U+U+u+0.1u*-3u®=0 (72)
(m)
u _—
KNmD _ gy an2 |—> _Slmllar to _Eq. (68), the change _of
1+0.1u—3u variables obtains two scalar differential
; _W equations:
g n| m=1 oy
/ | b (73)
1% QO O X, ==X —X, —0.1x7 +3x;
C = 7777—
Fig. 8. A spring-mass system. where
This dynamical system has one degree of X, =U
freedom, u. Therefore, the equation of « (74)
, =

motion is as follows:
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The stability domains estimated using the
suggested  techniques and  Zubov’s
construction procedure are displayed in
Figure 9. Although the method of Moments
gives a Lyapunov function, it concludes the
null area (similar to the previous example).
The result of Zubov’s method is contained in
the estimated domain using the Least
Squares technique. In addition, Galerkin and
sub-domain yield a similar region of
attraction, which is located in Collocation
stability domain.

For this system, the Lyapunov function in
Zubov’s construction procedure is calculated
up to the 3 power. In the method of
weighted residuals, the integration domain is
a square which sides have length 0.5 and
includes 3 x 3 nodes. Consequently, the
number of terms used in the suggested
techniques and Zubov’s method are 9 and
10, respectively. As mentioned in Section 6,
a linear change of variables could make a
suitable impression on the weighted

residuals techniques. Here, T" is assumed to
be rotated by an angle 6 =45° around the
origin:

X | | cos@ sind A

X,| |-sing cos@| |y,

Therefore, Eq. (73) is transformed into
the following form:

(75)

y, =-0.5y,+1.5Yy,+0.035y” +0.071y, y, +0.035Y; -
0.75y) -2.25y? y, - 2.25Y, > -0.75y;
y, =-0.5y,-0.5y,-0.035y’ -0.071y, y, —0.035y? +

0.75y; +2.25y? y, +2.25Y, y: +0.75y;
(76)

Figure 10 shows the applied terms in
Lyapunov functions obtained and the

maximum value of c”.

1.0

0.5

xZ(m/S) 0.0

—05

-1.0

-1.0 -0.5

0.0
xl(rn)

0.5 1.0

Fig. 9. Stability domain computed by the suggested techniques (solid) and Zubov’s method (dashed).
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0.0 'y
[ +0.014989 yiy? [ -0.015814 yyi |
| +0.62447 y2y% | 4070193 ylyt | +2.2296 0y} |
[ +0.0062593 yiyi | 022730 ylyi |
+3.6239 yly;
(a): Collocation (¢ = +0.47398)

0.0 y'y;
| +0.0063600 y!y? [ -0.0056774 yiy! |
[ +0.67000 y7y? | +057057 ylyl [ +1.97092 y?y? |
| +0.013540 yiy! [ -0.14024 ylyi |

+3.1669 yly:

(b): Galerkin (¢" = +0.40061)

00 3y
[ +0.0036553 yiy? [ -0.0058121 yiy! |
[ +0.75770 yiy? | +053102 yiyl | +1.9989 yip? |
| +0.042753 yiyi [ -0.022009 yiy? |
014605 y2y?

(c): Least Squares (¢" =+0.47859)

0.0 vy
[ +0.0018190 yiy? [ +0.0023531 yiy! |
| +0.95969 yiy? | -0.080236 yiyi | +0.96003 yfy3 |
[ +0.034434 y2yi [ +0.020069 yiy? |

+0.0015236 y!y;

(d): Moments (¢” =0.0)

| +0.0067386 yiy? [ -0.0060403 yiy! |
[ +0.67259 yiy? [ +0.58484 yiyl | +1.9841 yiy: |
| +0.014636 yiy! | -0.14244 yiy? |
+3.1033 y]y}

(e): Sub-domain (¢" = +0.40462 )

0.0 y'y;
[ ooyt | ooyyi ]
[ +075000 y2y? | +0.50000 yiyt [ +1.7500 yiy? |

[ +0.015713 7y [ +0.023570 yiy! |

0.0 yiyi  [0.070711 yly} |

(f): Zubov (¢" =+0.41324)

Fig. 10. Lyapunov function terms and ¢ for (a) Collocation (b) Galerkin (c) Least Squares (d) Moments (e)
Sub-domain (f) Zubov.

After calculating the Lyapunov functions in
space Y, one can achieve the stability domains

in space X by using Eqg. (75) (see Figure 9).

Example 3
The differential equation of Vander Pol
oscillator includes an asymptotically stable
equilibrium point at the origin confined by
an unstable limit circle as below (Grosman
and Lewin, 2009):
li—sU*-DYu+u=0 77)
where, ¢ is equal to 1. This equation can

change into a set of two scalar differential
equations as follows:

X, ==X,
. ) (78)
X, =X+ (Xl _1) X,

Similar to the previous example, the
change of variables, Eq. (75), can be
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in the
weighted

rotation
for

performed to have a
integration domain, I,
residuals techniques:

Y, =-0.5y,~ 0.5y, +0.25y%+0.25y?y, -
0.25y,y; -0.25y;
y,=+1.5y,-05y,-0.25y° ~0.25y2y, +
0.25y, y>+0.25y?
(79)

The angle of rotation, &, is presumed to
be 45 degrees. In this example, T is a square
which sides have length 2 and contains 7 x 7
nodes. Furthermore, Zubov’s construction
procedure is calculated up to the 9™ power
implying the related Lyapunov function
includes 55 terms (6 terms greater than the
Lyapunov functions in suggested methods).
Figure 11 displays the estimated regions of
attraction.
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xl(m)

Fig. 11. Stability domain computed by the suggested
techniques (solid) and Zubov’s method (dashed).

As Figure 11 shows, Least Squares and
Moments give the largest and the smallest
stability domain, respectively. Here, the
result of Collocation and Sub-domain are
close to each other and contain the region of
attraction achieved using Galerkin and
Zubov’s method.

Example 4

A two-bar non-shallow arch in Figure 12
includes a symmetric bifurcation point in its
equilibrium path (Wu, 2000). This structure
is subjected to a vertical load, P, at the top
node. While the value of P is less than the
critical load, P,, the equilibrium path is
composed of  asymptotically  stable
equilibrium  points.  All  mechanical
characteristics are specified in this figure. In
the state of static loading, while the vertical
load is not reaching the critical load,

P, =0.15018 N, the value of u, is equal to
zero. For P=0.05N, the |vertical
displacement of the top node, u,, is
0.002529 m. In this example, it is assumed

that the Green strain is constant along the
bar axis.
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Fig. 12. A two-bar non-shallow arch.

Similar to example 1, the same procedure
can be applied to obtain the equations of
motion:

mUl+cul+%(3qf—L2 +UZ+

(u, _qz)z) u =0

(80)
" L EA
mui, +cu, +— (¢ — L +uf +
L
(u, _qz)z) (u,—q,)=P
where

g, = Lcos 85°

. (81)
g, = Lsin 85°

In order to investigate the stability of the
truss under the particular loading,
P=0.05N, Eqg. (80) should be changed
into  first-order  ordinary  differential
equations:
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X =X X, =Uu;
X, =X, X, =u, —0.002529
y 3 2 X, = ]
%, =-0.01016 x, — X, +1.9873 X X, — X, = X X, s = U
; 2 2 2 3 X, =U
X, =—1.9697 X, — X, +0.9937 X, +2.981 X; - %, X, - X, 472
(82)
where the variables x, are defined as
follows:
} Galerkin Galerkin
0.6 Sub-domain | " Sub-domain
| collocation | . collocation
0‘4: Least Squares Least Squares
| Moments
[ 02
02}
xz(m) 0.0 x3(mfs)0,n
02l
[ 02
04!
0.6; 0.4 x2=0m
(a) (b) x4=0""
~02 ~04 02 0.0 02 0.4
™
1.0 1.0
Galerkin Galerkin
Sub—domain Sub—domain
collocation collocation
Least Squares Least Squares
05 0.5 Moments
x4(m/5)n.o e 0.0
—05 ~05
x=0"
“10/(€) = (D) x=0
-1.0 ~05 0.0 0.5 1.0 —02 ~0.1 0.0 0.1 02
xz('") x3(""/5}

(83)

Fig. 13. Four cross sections of 4D stability domain computed by the suggested techniques (solid) and Zubov’s

method (dashed) (8) X; =X, =0 (b) X, =X, =0 (c) X, =X, =0 (d) X, =X, =0.
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Here, the integration domain, I", for the
method of weighted residuals is presumed to
be a four-dimensional cube which sides have
length 0.25 and includes 3 x 3 x 3 x 3 nodes.
This means that there are 81 terms in the
Lyapunov functions which are computed
using weighted residuals techniques. In this
stare, the maximum power of each variable,
X,, equals 2. On the other hand, the

Lyapunov function calculated using Zubov’s
construction procedure satisfies the modified
Zubov’s PDE up to the st power.
Consequently, this function is composed of
126 terms (45 terms greater than the
Lyapunov functions in the suggested
methods). Figure 13 shows some cross

sections of four-dimensional stability
domains provided by the proposed
techniques and Zubov’s  construction

procedure.

Figures 13(a) and 13(d) display the
regions of attraction without initial velocity
X, =X, =0m/s and initial displacement

X, =X, =0m, respectively. If there are not

initial velocity and displacement in one
degree of freedom, the stability domains in
the other direction are drawn in Figures
13(b) and 13(c). As seen, Galerkin and Sub-
domain techniques take the largest area
compared with the other techniques. The
Collocation technique approximates the
region of attraction close to these methods.
Unlike the previous examples, the estimation
of Least Squares is contained in the stability
domain provided by Zubov’s construction
procedure. Finally, the Moments technique
results in an inappropriate area.

Example 5

Figure 14 shows a two-bar truss with two
degrees of freedom. All mechanical
properties of the nonlinear dynamical system
are displayed in this figure. Large
deformation in bars makes the equations of
motion nonlinear.

L=1"

L=1" L=1"

Fig. 14. A two-bar truss.

Similar to example 1, the same procedure
can obtain the equations of motion:

mU1+cul+i(uf+u§—2Lul) (u—-L)=0
213

.. . EAl 2 2
mu2+cu2+f( u, +u, —2Lul) u, +

J2EA,

L3

(217 -3Lu, +u})u, =0
(84)

By substituting the values of m, c, L,
EA, and EA, into Eq. (84), the equations of

motion can be rewritten in the form of first-
order ordinary differential equations:

X =X
X, =X,
X, =X — X, +1.5%> +0.5%% —
3 Xl \ 3 Xlz 2 (85)
0.5% —0.5%, X3
X, =—0.1768X, — X, + X, X, +
0.2652%% — 0.5’ x, —0.5884 x;
where
X, =U;
X, =Uu
2 2 (86)
Xs = U
X, = U,
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In this example, for the suggested
method, the integration domain, T", is a four-
dimensional cube which sides have length
0.5 and includes 3 x 3 x 3 x 3 nodes. In
addition, Zubov’s construction procedure is
calculated up to the 5" power. Therefore, the
number of applied terms in both techniques
is similar to the previous example. Figure 15
illustrates four cross sections of four-
dimensional stability domains given by the
proposed and Zubov’s method. In this

T T T T
Galerkin
Sub-domain
collocation
04 Least Squares
Moments
0.2
(m)
X277 00
-0.2
0.4
x1=0 ms
mfs
) — x=0
-0.5 0.0 0.5
X,
1.0
Galerkin
e s Sub-domain
collocation
’J/MS
05 Moments
(m}s)
X4 00
=05 N T
x,=0 m
. _am/s
101(©) i
1.0 0.5 0.0 0.5 1.0

xz('")

m/s)
x4( k 0.0

figure, the estimated stability domains for
each degree of freedom, initial velocity and
initial displacement are drawn. According to
Figure 15, Galerkin and Sub-domain
techniques take the Ilargest region of
attraction. Furthermore, Collocation gives a
suitable area compared to Galerkin. Least
Squares and Zubov’s construction procedure
obtain a similar result and are contained in
Collocation. The smallest estimation belongs
to the method of Moments.

Galerkin

_— — Sub—domain

collocation
Least Squares

Moments

0.5

L151(b) xy=0""

-1.0 -0.5 0.0 0.5 1.0

0.6
Galerkin

Sub—domain

collocation
_<collocation,
Least Squares
/ Moments
AL
N

0.4

0.2

0.2

-04

06 ! a0 |

-1.0 -0.5 0.0 0.5 1.0

Fig. 15. Four cross sections of 4D stability domain computed by the suggested techniques (solid) and Zubov’s
method (dashed) (8) X; =X, =0 (b) X, =X, =0 (c) X, =X; =0 (d) X, =X, =0.



Rezaiee-Pajand, M. and Moghaddasie, B.

CONCLUSIONS

In this paper, an analytical procedure is
proposed to estimate a conservative stability
domain around the asymptotically stable
equilibrium point in autonomous nonlinear
systems. To do this, the method of weighted
residuals is suggested to solve the modified
Zubov’s partial differential equation in some
neighborhood of the origin. For this purpose,
the Lyapunov function is approximated
using a linear combination of basis
functions. For nonlinear systems including n
independent variables, a set of suitable basis
functions is defined, which can be used for
all subclasses of the weighted residuals
technique. To extend the investigation,
strategies such as Collocation, Galerkin,
Least squares, Moments and Sub-domain are
utilized in the proposed algorithm. Finally,
the residual function is minimized by a
number of weighted integrals over the
integration  domain.  Unlike ~ Zubov’s
construction  procedure, the suggested
method is also applicable to non-polynomial
dynamical systems.

Numerical ~ examples  show  that
Collocation has an appropriate and stable
procedure for the estimation of stability
domains compared with the other
techniques, while Moments is not a reliable
method for the approximation of the
Lyapunov function. Considering this, it can
be concluded that Lyapunov functions
(especially in structural and mechanical
engineering problems) are smooth functions
and do not need weighting functions such
that extremely vary all over the integration
domain. Least Squares and Zubov’s
construction procedure obtain a similar
region of attraction. In most cases, the
estimation of Zubov’s method is contained
in the stability domain given by Least
Squares. The final results of Galerkin and
Sub-domain are strongly close to each other.
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In some cases, they take a larger region of
attraction compared to Collocation.

Finally, the number of terms used in
Zubov’s construction procedure is greater
than the number of terms constituting the
Lyapunov functions in the proposed
techniques in all examples. This result
convinces the analyst for the robustness and
ability of the suggested algorithm. It is worth
adding that depending on the nature of the
dynamical system, other types of basis
functions could be potentially applied to
achieve a better estimation of stability
domain.
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