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Abstract: The performance reliability of structural health monitoring methods depends on the
accurate acquisition of a system’s dynamic responses and the consideration of uncertainties
related to optimal sensor placement. This study presents a two-step framework for Near-
optimal sensor placement and evaluates its robustness especially against uncertainties
arising from potential damage scenarios, and modeling noise. First, the identification of
the system using Covariance-driven Stochastic Subspace Identification method in the form
of a finite element model and in offline conditions is performed and healthy and damaged
modes are extracted under assumed scenarios. A novel index based on modal strain energy
changes is then introduced to guide sensor placement. The effectiveness of the proposed
sensor configuration is subsequently validated using a genetic algorithm and benchmarked
against the optimal configuration. Then, the accurate structural damage identification
process is employed by applying the Reference-based Stochastic Subspace Identification
method to the incomplete data obtained from the proposed sensor placement configuration
and combining it with the Probabilistic Strategy to estimate the probability of damage in
the structural members. The proposed framework effectively balances accuracy, resilience
to uncertainty, and computational efficiency, offering a practical and scalable solution for
reliable sensor deployment and damage detection in real-world structural systems.

Keywords: Structural Health Monitoring, Optimal Sensor Placement, Modal Strain
Energy, Stochastic Subspace Identification, Damage Detection

1. Introduction
One of the primary objectives of structural health monitoring (SHM) processes is to identify
potential damages within a structure. This area has been extensively studied and documented in
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numerous research articles and studies (Avci et al., 2021; Frigui et al., 2018; Gharehbaghi et al.,
2022; Ghafouri et al., 2024). Among the methodologies employed in this field, operational modal
analysis (OMA) methods are widely utilized to estimate system parameters and structural
characteristics under operational or experimental conditions (Katam et al., 2023). A critical issue
that has consistently been addressed in this context is the challenge of managing uncertainties,
both in the structural response and in the accurate modeling of the system, as well as ensuring
the reliability of the obtained results (Hou and Xia, 2021). However, certain OMA methods are
capable of delivering structural parameters with acceptable accuracy, even in the presence of
uncertainties (Magalhdes et al., 2012; Ubertini et al., 2013; Foti et al., 2014; Rainieri and
Fabbrocino, 2014; Brincker and Ventura, 2015). A fundamental requirement for system
identification involves the installation of sensors at the degrees of freedom of the structure to
extract and record its response. However, this approach is often constrained by limitations such
as economic considerations and the specific characteristics of the structure. Addressing these
challenges has led to the formulation of the optimal sensor placement (OSP) problem, which
aims to determine a specific arrangement of a limited number of sensors to accurately identify
the dynamic behavior of the system while minimizing errors (Ostachowicz et al., 2019;
Barthorpe and Worden, 2020; Das and Saha, 2022; Rochuskis et al., 2022; Hassani and
Dackermann, 2023). Under the conditions governing SHM methodologies, numerous
optimization techniques and algorithms have been extensively explored in prior research. Among
these, the Effective Independence Method (EFI) and the Modal Strain Energy (MSE) method
have been widely investigated. Additionally, various optimization algorithms, such as the
Genetic Algorithm (GA), have been employed, often utilizing objective functions like the Modal
Assurance Criterion (MAC) (Rao and Anandakumar, 2008; Tong et al., 2014; Mendler et al.,
2022; Yang. 2021). These approaches aim to enhance the efficiency and accuracy of SHM
systems in evaluating structural integrity.

Within the domain of OMA techniques, the Stochastic Subspace Identification (SSI) method
serves as a robust and effective signal processing approach for the identification of structural
characteristics. This method utilizes recorded data to identify the system, enabling the
determination of modal parameters for the entire structure. The computational robustness,
superior performance, and high estimation accuracy of the SSI method have been consistently
demonstrated and validated across numerous studies (Cascone et al., 2020; Ghosh et al., 2022;
Liesecke et al., 2023). Peters and Roeck (2000) introduced the Reference-Based Stochastic
Subspace Identification (Ref-SSI) method, building upon the foundational principles of the SSI
technique. This approach assumes a limited number of sensors and utilizes the covariance of
measured data to extract the modal parameters of a structure. These parameters are derived from
the structure's response to ambient vibrations, enabling effective modal identification under
operational conditions. In this method, the key concept is to deal with uncertainties arising from
modeling the system and the response of the structure under consideration.

Due to the high sensitivity of mode shape vectors to damage occurrence and alterations in the
stifftness matrix of a structure, the computation of changes in modal strain energy within
structural members has been introduced as a reliable indicator for damage detection. This
approach has been extensively utilized and validated in numerous studies (Behtani et al. 2020).
Zhan and Yu (2014) introduced the Effective Independence-Improved Modal Strain Energy (EI-
IMSE) method for optimal sensor placement in structural health monitoring. This approach
integrates the Effective Independence (EI) and Improved Modal Strain Energy (IMSE)



techniques to enhance the reliability and accuracy of the results. Muthuraman et al. (2016)
utilized the MSE method to determine an initial sensor placement for the SHM process and
potential damage detection. Furthermore, they applied a genetic algorithm to optimize the sensor
placement pattern within the structure. In addition, they employed the Flexibility Matrix-Based
Technique (FMBT) to accurately identify the precise location of structural damage. Arefi et al.
(2020) introduced the Modified Mean Squared Error-Based Index (MMSEBI) to address the
limitations of sensor placement across all degrees of freedom (DOF). The proposed method
employs the Improved Reduction System (IRS) technique to reconstruct mode shapes. The
efficacy of this approach was validated through the analysis of two numerical case studies and
multiple damage patterns. Nguyen and Livaoglu (2022) proposed a method that integrates MSE
with updating techniques to detect and estimate damage severity in structures. Their approach
ensures that the presence of noise does not compromise the accuracy of damage severity
estimation. Through this process, damaged elements can be identified using mode shapes and
updating techniques while considering various damage scenarios. Numerical validation results
confirm the effectiveness of the proposed method. An et al. (2022) introduced a statistical
algorithm for structural damage detection based on MSE, specifically designed for scenarios
with limited data and ambient vibration measurements, where only operational mode shapes are
available. This technique employs efficient algebraic equations to accurately identify damaged
elements with varying degrees of damage within the structure. Additionally, it accounts for the
presence of noise while simultaneously estimating both damage and modal factors. Kahouadji et
al. (2023) proposed a hybrid method integrating a modified MSE index with robust optimization
algorithms, utilizing finite element model simulations in MATLAB to identify structural damage.
This approach enables precise localization of damage by incorporating a modified objective
function within an optimization framework. While EI-IMSE and related MSE are defined in the
selection process of sensors based on the magnitude of the effect on linear independence or / and
modal strain energy coverage, our contribution combines (i) an MSE Change Ration (MSECR)
that explicitly measures damage-induced redistribution of modal strain energy across many
stochastic damage scenarios, with (i1) a Euclidean Impact-Index aggregation across scenarios
(the Impact-Index) to identify elements most consistently sensitive to damage. This emphasis on
change (healthy to damage) rather than only absolute MSE and the statistical sampling of damage
scenarios distinguishes our Near-OSP approach.

Several studies have evaluated the use of Bayesian strategies during the damage identification
stage to address the challenges posed by uncertainty in accurately detecting damaged elements,
highlighting the effectiveness of this approach. Within this framework, the integration of results
from various damage indices such as Damage indexes modal strain energy (DIMSE), frequency
response function strain energy dissipation ratio (FRFSEDR), flexibility strain energy damage
ratio (FSEDR), and residual force-based damage index (RFBDI) enables the precise and reliable
identification of structural damage locations (Guo and Li, 2012; Barman et al., 2021; Mao et al.,
2022).

In studies related to SHM, the optimal placement of sensors, the appropriate formulation of
optimization problems, and the implementation of optimization algorithms face significant
challenges due to uncertainties associated with the unknown location and severity of structural
damage. As a result, employing a robust and near-optimal sensor placement strategy not only
reduces the computational cost of optimization techniques but also supports the development of
operational solutions for sensor deployment. It is important to note that the optimal sensor



configuration for detecting one type of damage may differ from that required to detect another.
Given the inherent uncertainty in the initial location and nature of damage, the sensor placement
strategy must be robust against variations in potential failure scenarios, maintain near-optimal
performance, and ensure sufficient stability for accurate damage identification. Traditional SHM
methodologies often treat sensor placement and damage identification as separate tasks. Sensor
placement techniques focus on maximizing information content without explicitly considering
damage sensitivity. In contrast, damage detection methods typically assume that sensors are
already optimally placed, which may not be the case in practice. Without incorporating damage
sensitivity into the placement strategy, sensors may be located in areas that are less responsive
to damage, potentially leading to missed detections or false alarms. A hybrid framework can
address this gap by ensuring sensors are strategically placed in locations that are near-optimal
for damage identification, thereby improving the accuracy and reliability of SHM systems. The
MSE index, which has a clear physical interpretation and is highly sensitive to local and minor
stiffness changes, supports practical applications in SHM. To compute this index under
operational conditions, the SSI method can be employed, as it is well-suited for real-world
scenarios. SSI is robust against measurement noise and enables reliable estimation of modal
parameters, thereby enhancing the accuracy of system identification. This research bridges the
gap between sensor placement and damage detection by ensuring that sensors are positioned in
locations near-optimized for accurate damage identification. To meet these needs, an index is
introduced to support the development of a robust sensor placement strategy, significantly
improving the efficiency and reliability of the damage detection process. A key advantage of this
approach is that it eliminates the need for repetitive calculations in determining the optimal
sensor layout. Following finite element modeling and dynamic analysis of the structure,
variations in the modal strain energy of structural elements are integrated into a probabilistic
framework to enable effective monitoring and damage identification. This paper aims to address
the aforementioned challenges through a two-step approach. In the first step, while introducing
the flowchart of the proposed near-optimal sensor placement strategy, its performance is
evaluated in comparison with a traditional sensor placement optimization problem in the SHM
framework. In the second step, a hybrid approach is employed in the form of using a Bayesian
strategy to improve the accuracy of damage detection based on the proposed index. We propose
a mode likelihood mapping from MSECR to mode-specific damage likelihood and a simple
independence fusion across modes (product rule) with a uniform prior. Our approach is based on
using MSECR as the per-mode evidence function,(ii) combining Ref-SSI estimated mode
information with the offline Impact-Index /Near-OSP, and (ii1) quantifying repeatability via
Monte-Carlo SNR experiments (N=50 per SNR).

2. Method

2.1. STEP 1: Flowchart of a Near-OSP Pattern

In addressing the OSP problem, a structure can be evaluated under multiple potential failure
scenarios. As a result, the optimal sensor configuration may vary depending on the specific
damage scenario. Furthermore, considering the inherent challenges of SHM and the uncertainties
regarding the location and severity of damage, developing an OSP model that accounts for these
uncertainties can significantly enhance efficiency. Based on the background of the present
research, changes in MSE can be utilized to determine optimal sensor placement within a limited
number of DOF of the structure. Accordingly, the proposed sensor locations are identified using



an index calculated by extracting the mode shapes of the structure and analyzing the differences
in MSE between damaged and undamaged structural elements. In the proposed framework, MSE
for the healthy structure is determined by solving the eigenvalue problem through finite element
modal analysis. For the damaged structure, system identification is performed in offline
conditions by modeling the finite element model and considering all the necessary assumptions
for the use of SSI - COV method. It is assumed that each structural element may experience
damage independently, modeled as a reduction in its elastic modulus each representing a distinct
damage scenario. Using the proposed Modal Strain Energy Change Ratio (MSECR), nodes
connected to elements exhibiting the highest MSE variation are identified as near-optimal
locations for sensor placement.

2.1.1. System Identification under Complete Data

This section introduces the dynamic system and its state-space representation, which form the
foundation of the SSI-COV method. The focus is on output-only modal identification, where the
system’s modal parameters such as natural frequencies, damping ratios, and mode shapes are
estimated solely from the response data. Within this approach, uncertainties such as measurement
noise and modeling inaccuracy are systematically considered, and statistical principles are used
to analyze the recorded structural response data, which allows for accurate system
characterization. The behavior of a discrete mechanical system consisting of n, masses connected
by dampers and springs is described by a second-order linear differential equation with constant
coefficients as follows (Peeters and Roeck, 2000; Ewins, 2009):

MU(t) + C,U(t) + KU(t) = F(t) = Byu(t) (1)

Where M, C and K € R™*™2represents the mass, damping and stiffness matrices, respectively.
F(t)ER™*! is equivalent to the excitation force and U(t)ER"2*! is the displacement vector
at continuous time z. The force vector F(t) is factorised into a matrix B,ER™*™ describing
the inputs in space and a vector u(t)€R™*! describing the m inputs in time. Assuming
unknown noise sources along with the applied force F, which may lead to incomplete knowledge
of the applied excitation, using control theory and the appropriate form of the continuous-time
state-space, Eq. (1) can be formulated as follows (Juang, 1994):

x(t) = Ax(t) + Bou(t), 2)
U@ B 0 I, [ o0
x(t) = [U(t) Ae = [—M-lK —M—lcz] Be = [M‘le] ®)

Where A €R™™ is the state matrix of the system with dimensions (n = 2n,), B,ER™™ is
the input matrix, and x(t) ER™ ! equivalent of the state vector, which can be defined to
encompass n states. Given that acceleration, velocity and displacement can be effectively
monitored using / sensors into the system, the following equation can be presented:

y(t) = CU@®) + C,U(t) + C,U(2) (4)

Where y(t)ER™! represents the system output and Cg, Cp, Cq € R™™™ denotes the output
matrices for acceleration, velocity, and displacement. These matrices can be defined as Eq. (5)
and convert Eq. (4) into the following expression:



C.=[C;—CMK C,—C,M1C,] ,D, = C,M™'B, (5)

y(t) = Ccx(t) + Dou(t) (6)

Where C,€R! ™ represents the output matrix and D.€R>™ will be defined as the direct
transfer matrix. These equations are presented as a continuous-time state-space model, implying
that the system can be evaluated at any time t€ER. However, it's important to note that sampling
is performed discretely at time intervals kEN, kAt. Consequently, both time samples and noise
will impact on the acquired data. Considering the concepts of eigenvalues, the Jordan form of
the matrix, and the relationships related to Taylor series, the discrete form of the state, input,
output, and direct transfer matrices is expressed as follows (Chen, 1984):

T
A=eAT B = ( f eAcfdr> B.,C=C.,D =D, )
0

Considering the noises, the response value and state vector can be written in the following form
(Juang, 1994):

X1 = Axk + Buk = Axk + Buk + Wy

Vi =ka+Duk =ka+Duk+Uk (8)

x, = x(kT) = x(KAt) represents the discrete time state vector, w;ER is the uncertainty
noise vector in modeling and v, ER™? is the uncertainty noise vector in measurement. Both of
these noise vectors are unmeasurable. However, if it is assumed that these noises correspond to
a white noise pattern with zero mean and follow the Gaussian distribution and are independent
of each other, the covariance matrix of these uncertainties can be expressed as follows:

E|(4) (@hup)| = (5 k) 8o (©)

Where E represents the Expected Value, 8, is Kroniker delta and RER™!, SER™! are the
covariance matrices of uncertainty noise vectors. In experimental problems, the input u
disappears from Eq. (8) because this value is shown in the form of noise. Therefore, for the
discrete stochastic state space model, the equations can be presented in the following form:

nx1i

Xp+1 = Axy + wi

Vi = ka + Uk (10)

Noises with zero mean (E [v;] = E[wy] = 0) and the stochastic process in the form of stationary
with zero mean (E[x,x] ] = Z, E[x,] = 0) is assumed that the covariance matrix is independent
of time k. wy, v, as the noises involved in the problem will be independent of the state
E[x,vl] = E[x;,wl] = 0 , therefore the output covariance variable matrix A; and the next
state-output covariance matrix G is provided as:

A; = Elyg+iyi] € R 1)

G = Elxys1yf] € R™ (12)

According to the above definitions, the following properties can be deduced for the stated
equations (Peeters and Roeck, 2000):



Ay = CZCT +R, T =ASAT +Q (13)

A;=CA™G, G=AXCT+S (14)

In the following, all the measured values are collected in a matrix called the Henkel matrix,
which has 2i blocks and j columns. The first i block has » rows and the next i block has / rows
that are scaled by a factor 1/ \/7 to match the definition of covariance according to Eq. (11). The
correctness of this relationship is guaranteed when the data is ergodic and contains infinite
information. If any of these conditions are not satisfied, the mentioned relationship will not be
equal to the covariance of the outputs, but it is only an estimate of it: (15)

Yo Y1 = Yj-1
Yi Y2 v Yj
HEL Yi-1 Vi = Yitj-2 _ Yoli-1 _ E ""past"" (15)
\/7 Yi o Vier v Visj-1 Yij2i-1 Yy ) "future
Yit1  Yi+2 v Vitj
[ Y2i-1 Y2i 0 Y2i+j-2d

The observability matrix and the controllability matrix can also be expressed as follows,
where the rank of the observability matrix will be equal to n:

c
CA _
0,=| c4% |[eR¥ (16)
C; = (A"1G A7%G - AG G) € R (17)

The results of the covariance function of the output data are collected in Toeplitz matrix. This
matrix is a constant diameter matrix, that each sub-diameter from left to right has a constant
value:

Ay Ay o Ny
me={ el T (18)
Agiog Npip - Ay
Using Eq. (15), the Toeplitz matrix can be rewritten in the following form:
Ty =YY, (19)

Considering Eq. (14) and using the Singular Value Decomposition (SVD) method on the Toeplitz
matrix, the decomposed form of this matrix can be presented as follows:



C

CA .
Ty =YY, = ~7 |1 .. 46 6) =0 (20)
CAi—l
S, Oo\(Vi
Ty = USVT = (U Uy)( f O)<V:T>:U152Vf (21)

Where UE.]RI."X”and VER™™ " are orthogonal matrices (UTU = UUT = I,;, VTV =VvVT = 1,;)
and SER" ™ is a diagonal matrix that will present singular values in descending order. Next,
by equating Egs. (20) and (21) can write:

1 1

0; = U,S%,¢; = S?V{. (22)

By using Egs. (16) and (17), C is equal to the first /-row block of the observability matrix O;
and G is equal to the last » column block of the controllability matrix C;. Therefore, the state
matrix 4 can be obtained by decomposing the new Toeplitz matrix with a shifted block as follows:

T2)i+1 = 0;AC; (23)

By solving Eq. (23) and considering Eq. (22), the state matrix can be rewritten in the following
form:

1 1
A=0]Ty Cl = S, 2UT Ty V1S, 2 (24)

The symbol (m) ' represents the pseudo-inverse of the matrix. The dynamic behavior of the
system is completely characterized by its eigenvalues:

A=way1 (25)

Where A = diag(A,)€EC™", q=1,..,n is a diagonal matrix containing the discrete-time
complex eigenvalues and WEC™ ™ contains eigenvectors. The equation of the continuous time
state is equivalent to the equation of the second-order matrix of motion and as a result, the
eigenvalues and eigenvectors will be the same and can be obtained by an eigenvalue
decomposition of the continuous-time state matrix:

A, =AY (26)

Where A, = diag(A.,)EC™ " is a diagonal matrix containing the continuous-time complex
eigenvalues and ¥,eC™" contains eigenvectors. According to Eq. (8):

A =exp(AAL),¥. =Y, Acy = In(Ag) /At (27)

The eigenvalues of A, occur in complex conjugated pairs and can be written as:

Ao Az, = —Equg % jwg I1-¢2 (28)

Where ¢, is the modal damping ratio and w, is the eigenfrequency of mode ¢ (rad/s). The mode



shapes CDqE(ClX" at the sensor location are the observed parts of the system eigenvectors and
can be written:

®, =C¥, (29)

Therefore, the modal parameters of the system are obtained through the 4 and C matrices.

2.1.2. Modal Analysis

The purpose of this section is to provide a theoretical foundation for understanding how modal
parameters specifically natural frequencies and mode shapes are derived from the system’s mass
and stiffness matrices. This is particularly relevant to the finite element model (FEM) used in the
sensor placement stage, where undamped systems are often assumed for simplicity. Modal
analysis is a fundamental technique for investigating the dynamic behavior of linear systems. It
involves extracting the system’s natural frequencies and mode shapes, which are obtained from
the equation of motion as follows (Arefi et al. 2020, Teimouri et al. 2021, Nguyen and Livaoglu
2022, Khatir et al. 2019):

Mii+Ku=0 (29)
Where M represents the mass matrix of the structure, u denotes the vector containing nodal
displacements and K signifies the stiffness matrix of the healthy structure. Natural frequencies
and mode shapes are obtained by solving the eigenvalue problem:
([K] — w?[M]){®} = 0, i=1,2,..,nDOF (31)

Where o represents the frequency, @ equivalent to the mode shape matrix and nDOF
corresponds to the number of degrees of freedom in the healthy structure.

2.1.3. Proposed Index of Near-OSP
The modal strain energy matrix of the healthy and damaged structure will be equal to:

MSE} = @[ K;@,i = 1,2,...,m,j = 1,2,...,n (32)

T . .
MSE(dSSl-_CO,,)ij = qbgsi_w,,)ilgqbgsi_mﬁ,L =12,...mj=12,...,n (33)

Here, K; represents the stiffness matrix of the jth element, and ®; denotes the mode shape
vector corresponding to the ith mode of the structure. To apply the SSI-COV method, it is
assumed that sensors are installed at all degrees of freedom of the structure. Accordingly, the
modal strain energy of the jth element both for the healthy and damaged states of the structure
under the dth failure scenario (d = 1, 2,...,s ; s = number of element structure) is calculated using
the following expression (Sarparast.S and Gholizad, 2026):

m
MSE}' = z O] K;P; (34)

=1



MSE(SSL cov)j — Z(p(sm COU)lK (D(SSL cov)i (35)

i=1

To calculate the modal strain energy of the entire structure with » elements in the ith mode, the
following expression can be used:

MSE! = Z MSE}! (36)
j=1

MSEgssi—cov)i = z MSEg;‘si—cov)ij (37)
j=1

The normalized modal strain energy of element ; in both healthy and damaged structures in the
"ith" mode can be expressed as follows:

o _ MSEf
MSE(isi—cov)ij

NMSEZ.. S Gl A?
(ssi—cov) G
ssi—cov)ij MSE(ssi—cov)i

J=1,...,n (39)

Therefore, the modal strain energy change ratio (MSECR) index of member j in mode i for failure
scenario d 1s presented in the form of the following equation, where the zero value corresponds
to the healthy member and the non-zero value corresponds to the unhealthy member:

NMSEG ;i covyij — NMSEY:
NMSE}

MSECR% i _copyij = max <0, (40)

The index described with the assumption of the first nm modes of the structure response is
presented as follows:

(41)

MSECR?SSL’—COU)]’ = max <O’ (SSl cov)ij —

DR NMSE“

It is noted that the normalization in Egs. (38)—(39) is performed to remove global scaling effects
associated with stiffness degradation and to emphasize the relative redistribution of modal strain
energy among structural elements. While both the numerator and denominator in Eq. (39) vary
under damage, damage detectability is ensured through the subsequent Modal Strain Energy
Change Ratio (MSECR), which explicitly compares the damaged and healthy normalized energy
distributions. Inter-scenario comparability is achieved at the MSECR and impact index levels,
rather than at the normalized MSE stage. If all potential failure scenarios (equivalent to the total
number of structural members and individually) are considered, the cumulative index of modal
strain energy changes for each member can be quantified using a novely defined metric referred
to as the impact index, expressed as follows:



2

S
(Impact index) ; = || MSECRE;_con ||, = Z(MSECRd ) (42)
d=1

(ssi—cov)j

By using the impact index that quantifies the MSECR of structural elements using the Euclidean
norm under potential damage scenarios, it is possible to identify the most critical elements. In a
real structure, the element with the highest impact index is considered a critical component and
is identified as a suitable location for sensor installation to support SHM. The main focus of this
study is to evaluate the effectiveness of structural monitoring with an emphasis on identifying
critical members and assessing the reliability of damage detection and identification. To
minimize the number of sensors required during response recording and monitoring, the
proposed method recommends installing sensors at nodes common to critical elements or at least
at one of the nodes connected to them. Accordingly, the proposed sensor placement process is
divided into three consecutive steps, in which in the first step, the MSECR are calculated for all
elements under each assumed damage scenario using Eq. (41). In the second step, the impact
index for each element is calculated using Eq. (42), and in the third step, sensors are installed at
the nodes associated with the most important elements to enable effective monitoring of the
structure. In the case studies in section 4 , the effect of this index is clearly examined.

2.1.4. System Identification under Incomplete Data
After identifying the critical members and installing the sensors at the recommended DOFs, the
recorded data does not fully cover the response of the structure, because the number of installed
sensors 1s not enough to match the total DOFs of the structure. Therefore, to reconstruct the
response of the entire structure, the Ref-SSI method can be used, focusing on a subset of sensor
data, which are classified as reference and non-reference data. Using this method, the system is
identified under different failure scenarios and with a limited number of sensors installed at
recommended positions in the structure that ensure that the sensors are installed at the most
sensitive degrees of freedom, and finally the MSECR is calculated for the structural members.
Therefore, the outputs are expressed as follows, assuming the data obtained from the sensors as
reference outputs (Peters and Rook, 2000):

yre f

K

Where y,:ef € R™* represents the reference outputs and y, ref g RU-mx1 represents the

other outputs and L € R™1 is the reference output selection matrix. Reference data consist of
a subset of data selected from the complete data of measurement channels. They act as a basis
for projecting the data and reduce the dimensionality of the problem by constructing the Hankel
matrix. Non-reference data are the remaining data that are not selected as reference data and their
role in the identification process is indirect. However, if non-reference sensor data is missing
or incomplete, one approach to fill in the gaps is to use data from a FE numerical model under
dynamic analysis. This hybrid approach combines experimental and numerical data to enhance
the Ref-SSI method's effectiveness. In this case, it is possible to provide the covariance matrix
between the reference outputs and all the outputs, as well as the covariance matrix of the



reference outputs with state variables in a next time step:

A:‘ef — E[yk+iy]:efT] — AiLT — CAi—lG'ref € Rlxr (44)
G = B[y 1= GLT € RV (45)
The outputs are collected in the Hankel matrix and can be presented as follows:
E R SR Vi
ylref yzref . yjref
Jref Jrery )
H = 1 )’ir_e{ yiref yirff_z = < Oll_1> = ( - past - (46)
‘/7 Yi Vier ot Vitj-1 Yilzi-a Y ) Suture
Yi+1  Yi+2 Yi+j
[ Y2i-1 Y2i 7 Y2i+j-2d

In the following, the generalized observability matrix and the reference reversed extended
stochastic controllability matrix based on the reference data can also be expressed as follows:

C
cA ,
0;=| ca? [eRWx (47)
Ciref = (Ai—lGref Ai—ZGref o AGTES Gref) € RxTi (48)

T
The covariance values obtained from the output data by using of A?ef =F [ykﬂ-y,:ef | are

collected in Toeplitz matrix:

ref ref ref
/Ai Az e A \
ref ref ref
Tl|i=\Ai+1 A7 Ay ) (49)
f f f
K A,

Using Eq. (46) and assuming that the data is ergodic and by applying the SVD method to the
Toeplitz matrix, the separated and decomposed form of this matrix can be presented as follows:

C
T CA . .
Tlrlffzy}ypref — C A2 (Al—lGref Ai-2gref ... AgTeS Gref) (50)
CAi—l

T = 0,7 (51)

1li



77 = ysyT = (U U)( 0) Y\ _ s r (52)
1l 1 22\0 o0 VzT 1°2V1

By equating Egs. (51) and (52) can write:

1
Ol = U1512' Cref 51/2V1 (53)

Therefore, the state matrix 4 can be obtained by decomposing the new Toeplitz matrix with a
shifted block as follows:

T = 0,AC (54)

2li+1
By solving Eq. (54) and considering Eq. (53), the state matrix can be rewritten in the following
form:

1
A=ofT ¢ =5, Ty V.S, ? (55)

i f2li+1™i 2li+1

The mode shapes obtained from the reference data are defined as @y p_gg;.

2.1.5. Validation of Proposed Near-OSP Pattern

Given the importance of the issue, it is necessary to evaluate the reliability of the proposed
process. For this purpose, the proposed location for sensor installation is matched with the
optimal locations provided by the optimization process. Among these optimal sensor placement
tools, the Genetic Algorithm (GA) is a widely used optimization method that, based on the
principles of natural evolution, extracts optimal solutions by searching the space of possible
solutions. This method starts by defining a set of data as an initial population and evaluates each
generated solution using an objective function. Subsequently, by applying evolutionary operators
such as selection, crossover, and mutation to the initial solutions, a new population of solutions
is generated. This population evolves iteratively through repeated evaluation of the objective
function and ensures convergence towards an optimal solution. The mathematical model of this
problem is formulated as follows:

max f(ny, ny,...,Ng), s.t. N4, Ny, .., ng EN (56)

Where f is the objective function, that is determined according to the selected evaluation
criterion for the optimization problem. According to the influencing factors in the proposed
process, Modal Assurance Criterion (MAC) has been chosen as the evaluation criterion. This
criterion is used to evaluate the correlation between the state shapes of the numerical model @,
and the state shapes of the experimental test ®,.r_g; which is obtained from the Ref-SSI
method. MAC matrix components are defined as follows (Pastor et al., 2012):

(¢z¢(ref—ssi))2
(d)gd)t)(d)g;-ef—ssi)d)(ref—ssi))
Fitness Function: The oftf-diagonal elements in the MAC matrix express the correlation between
two mode shape vectors. When MAC;; = 0, two vectors are orthogonal. If N is the number of

sensors available for installation in the structure, then the fitness function can be presented as
follows:




f=1-RMS, RMS = \/; N ijzl(MACij)z,i *j (58)

N(N-1) <=1

Where RMS is the root mean square of the off-diagonal elements in the MAC matrix.

2.2. STEP 2: Damage identification process based on probabilistic approach:

Egs. (34) and (35) are utilized to calculate the modal strain energy of the members in the healthy
and damaged structures, with the difference that the mode shapes obtained from the Ref-SSI
method are used to calculate the modal strain energy of the damaged state.

m
T
MSEg“ef—ssi)j = Z (pg”ef—ssi)il{j(pg‘ef—ssi)i (59)
i=1
Based on this, the amount of changes in the strain energy of the members can be presented in the
form of the following relationship:

Y NMSEE . ssiyij — 24 NMSE;}) (60)

MSECR% . ... =max <0,
(ref—ssi)j Z{L:rri NMSEiuj

The application of a probabilistic framework and Bayesian strategy enhances the reliability of
damage detection in the structure under investigation by effectively managing uncertainties
through the integration of multiple data sources from various states. This probabilistic approach
facilitates the differentiation between actual damage and false alarms arising from noise or the
presence of a large number of degrees of freedom. In this approach, each mode of vibration is
treated as an independent source of information. For each mode, the MSECR is calculated for
all structural elements. These MSECR values are used as inputs to the Bayesian strategy to
compute the probability of damage for each element. The framework of Bayesian theory can be
presented as follows (Marwala, 2010; Guo and Li, 2012):
P(D[0)P(6)
P(6|D) = P(D) (61)

Here, P(0) is the probability distribution function of the design space in the absence of every
data, which is also called the prior distribution function and D = (yy,...,yy) is a matrix
containing data. The term P(6|D)is the posterior probability distribution function after
observing the data and P(D|6) is the probability distribution function and P(D) is the
normalized factor. Information fusion methods can combine data extracted from multiple
information sources to obtain more accurate results and a general decision is made based on the
combination of all or part of the data. It is assumed that L is an independent source of information
S1,S2, ..., S, and N is the number of propositions or elements A4, A,, ..., Ay. In Bayesian theory,
the prior probability of each proposition is denoted by P(4;)(i = 1,2, ..., N) and given that at
the same period of time the values of the conditional probability P(S;,S,, ..., S |A;) are already
known, therefore, the Bayesian combination can be presented as follows for the probability of a
proposition under multiple information sources:



=1 P(SklADP(A)
P(A{|S.,S,,..,S,) = k=1
S 31 Iz P(Si|45)P(45)

By defining the modal strain energy index for each data source under the framework of each
mode, the data set can be expressed as follows:

S, = {MSECR,;, MSECR,;,..., MSECR,;} (63)

(62)

The probability of damage for each structural element in each mode can be presented as follows:
MSECR,,;

P.(4) = ,
L(40) " MSECR,;

j=1...,n (64)

Where P;(4;) is the calculated damage probability of member A;from information source S;
which is defined in Eq. (41) and finally by combining the damage probability of members from
different information sources, the damage probability of each member can be presented. The
term P(4;) is equivalent to the prior damage probability of the element and is defined as
follows:

P(4;) = %,i =12,...,N (65)
Here, N defines the number of elements of the structure and ultimately the elements that based
on the assumption of the response of the structure in the form of the first three modes have the
highest probability of damage are identified as damaged. In Figure 1 the flowchart of the
proposed algorithm for determining important members and the process of identifying damage
in the structure is presented.

3. Numerical Model and Results

In this section, the level of reliability and results of the structural damage identification procedure
will be investigated using the proposed technique for optimal placement of the sensor. The
dynamic analysis conducted using MATLAB software with the specifications of the SSI
approach, and the FEM has been used for all structure simulations. All time-domain responses
used for SHM were generated by applying uncorrelated Gaussian white-noise excitation to all
DOFs of the finite-element model and computing the resulting acceleration response by modal
superposition. The modal coordinates were obtained by discrete convolution of the modal
impulse response with white-noise forcing, and acceleration time histories at each DOF were
generated via modal superposition. The simulated acceleration series are sampled for specific
time intervals are used as inputs to the SSI-COV and REF-SSI identification procedures. This
approach models ambient operational excitation and follows standard output-only modal
identification practice.
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Fig. 1. Flowchart of the proposed algorithm to determine important members for robust near-optimal
sensor placement and the process of identifying damage in the structure

For each case study, (i) the modal identification results obtained by SSI-COV method are
validated, (i1) the Near-optimal sensor configuration is obtained through the proposed framework
with stochastic damage sampling, and (iii) the damage localization performance is evaluated
using REF-SSI combined with the Bayesian integration strategy MSECR. To account for
environmental conditions, the effect of noise on the results of the proposed process is
investigated. Therefore, in the damage detection section, which is based on the sensor layout
pattern introduced, the REF-SSI analyses are re-run with zero-mean and Gaussian sensor noise
applied to each acceleration channel signal-to-noise ratio (SNR = 40 and 30 dB). For each SNR
level, N = 50 Monte-Carlo runs are performed to obtain robust statistics (mean + standard
deviation) of REF-SSI detection, MSECR/impact index, and Bayesian damage probabilistic. The
SNR is defined as:
E[a*(t)]

SNRy, = 101og10(m) (66)



Where a(t) is the clean (noise-free) acceleration and n(t) is the additive measurement noise. For
each prescribed SNR the noisy signals were generated as a(t) = a(t) + n(t) .

3.1.Case Study on 2D-Truss

In this example, a two-dimensional truss with 14 nodes and 31 elements is considered (Kaveh
and Ghazaan, 2015). Each node has two horizontal and vertical degrees of freedom, therefore
the structure has 25 active degrees of freedom, which degrees of freedom 1, 2 and 28 are assumed
to be constrained due to the support conditions. The cross-sectional area, modulus of elasticity
and density of the members are 0.004 m?, 70 Gpa and 2770 kg/m’, respectively. A schematic
representation of the described truss is provided in Figure 2.

Fig.2. 31-elements 2D-truss

The first 10 natural frequencies of the structure are summarized in Table 1. Additionally, the
stabilization diagram depicting the system identification parameters, specifically the natural
frequencies obtained using the SSI-COV method, is illustrated in Figure 3(a). The results
demonstrate good agreement with the theoretical predictions. To validate the identified system
parameters, the MAC can be employed, which demonstrates a strong correlation between the
theoretical and experimental mode shape vectors, as illustrated in Figure 3(b). This agreement
confirms the accuracy of the structural modeling and the correct implementation of the stochastic
subspace identification method through the developed MATLAB code.

Table.1. The first 10 natural frequencies of the 31-element 2D-truss

Mode 1 2 3 4 5 6 7 8 9 10
4435 508.0
Frequency(Hz) 36.42 76.09 133.81 223.37 250.18 359.35 372.86 4 478.41 0

Subsequently, the impact index values for each element are computed, considering potential
failure scenarios based on the proposed methodology, and the results are presented in Figure 4.
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Fig. 3. (a): Stabilization Diagram of SSI-COV method, (b): MAC-comparison between estimated mode
shapes vectors using the identification approach (SSI-COV) with theoretical mode of 31-element 2D-truss
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Fig. 4. impact index (Proposed criterion) based on modal strain energy change ratio (MSECR) index for
31-element 2D-truss
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The selection of nodes for sensor installation is based on two key principles: first, at least one
node connected to the element with the highest impact index should be selected; second, the total
number of nodes should be minimized, while also considering the support conditions of the
structure. Regarding the specific selection of nodes and the associated degrees of freedom for
elements with the highest impact index, it can be stated that, based on the first principle, node 4
is selected. This node connects elements 2, 6, and 8 and provides both horizontal and vertical
degrees of freedom, making it suitable for recording the system response and installing the sensor.
Due to the nature of truss elements, the horizontal strain in element 2, the vertical strain in
element 6, and both horizontal and vertical strains in element 8 can be recorded through the
degrees of freedom available at node 4. For element 11, placing a sensor on the vertical degree
of freedom at node 6 is sufficient to capture the vertical strain in that element. Table 2 presents
a comparison between the results of the proposed sensor placement method and the results of the
optimization process using the genetic algorithm, with the explanation that in the proposed
method there is no cyclic or iterative process to reach the solution, but at the same time the results
are close to optimal.

Table 2. Comparison of suggested degrees of freedom for sensor installation using proposed flowchart and
genetic algorithm in 31-elements 2D-truss

Method Degrees of fre_edorr_1
(node number/direction)
sensor configurations proposed method 2y,4x,4y,6y,8y,9y,11x,12x,12y
fi . (G | Fitness functio
sensor configurations of Geneti n value
¢ Algorithm -— 2x,4y,6y,8y,10x,11x,12x,12y,13x

Table 3. Assumed damage scenarios in 31-elements 2D-truss

Scenario of Damage Element number Damage precent

1 21 20




m 20
2 25 15
2 20
3 6 5
27 10

Further, in order to validate the processes of optimal sensors placement and correct identification
of damaged elements in the structure, different damage scenarios are considered in Table 3. After
considering various damage scenarios for elements, the index of modal strain energy Changes
and the damage probability of elements are presented in Figures 5(a)-(f).
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The graph of variations in the MSECR of structural members under different damage scenarios
indicates that, in addition to the damaged elements, adjacent undamaged members may also be
incorrectly identified as damaged due to the influence of nearby damage. To mitigate such false
positives and enhance the accuracy of damage identification, a probabilistic approach is adopted
by integrating the Bayesian strategy with the MSECR results. This method enables a more
realistic assessment by accounting for uncertainties associated with various damage scenarios. It
consistently assigns higher probabilities of damage to genuinely damaged members compared to
intact ones, thereby validating the reliability of the identification process. Moreover, the results
confirm that the proposed sensor configuration demonstrates robustness across diverse damage
conditions and ensures the collection of reliable data to support accurate structural damage
detection.

3.2.Case Study on Tower

In this case, a 2D truss tower with 22 nodes, with two horizontal and vertical degrees of freedom
for each node and 47 elements, is considered (Nouri et al., 2014). The structure has 44 degrees
of freedom, and the modulus of elasticity and density of the members are 30000 ksi and 0.3
Ib/in’®, respectively. The assumed constraints in this example are applied in the form of
displacement constraints on nodes, which are degrees of freedom 1, 2, 43, and 44 (horizontal and
vertical degrees of freedom of nodes 1 and 22). Therefore, the truss structure has 40 active
degrees of freedom, and the described truss is presented in Figure 6.
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Fig. 6, Tower (47-element 2D-truss)

The first 10 natural frequencies of the structure are summarized in Table 4. Additionally, the
stabilization diagram depicting the system identification parameters, specifically the natural
frequencies obtained using the SSI-COV method, is illustrated in Figure 7(a). The results exhibit
strong agreement with the theoretical predictions.

Table 4. The first 10 natural frequencies of the Tower (47-element 2D-truss)

Mode 1 2 3 4 5 6 7 8 9 10
Frequency(Hz)  0.36 1.41 2.10 3.31 5.37 5.47 7.40 9.14 10.72 1169

The MAC presented in Figure 7(b) shows a good agreement between the numerical and SSI-
COV results for the described truss. In the following, using equation 42, the value of the impact
Index of all the members of the structure is calculated and presented in Figure 8. As can be seen,
elements number 7, 8, 9, 10, 11, 12, 13, 14, 15, 22, 23, 24, 27, 28, 29, 30 and 33 have a higher
impact index than the other members. According to the principles assumed for the proposed



process of sensor installation in nodes related to structural elements, a total of 11 sensors have
been installed in related degrees of freedom.
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Fig. 7.(a): Stabilization Diagram of SSI-COV in tower, (b): MAC-comparison between estimated mode
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Fig. 8, impact index (Proposed criterion) based on modal strain energy change ratio (MSEC) index for
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In Table 5, the results of the proposed method for providing the optimal sensor installation
location are compared with the results of the genetic algorithm. In order to evaluate the efficiency
of the proposed flowchart for identifying structural damage using sensors installed in the degrees
of freedom provided by the proposed impact index, various scenarios of structural failure have
been considered in the form of Table 6. The figures related to MSECR index and damage
probability of structural members under the assumed damage scenarios are presented in Figures

9(a)-(D).

Table 5. Comparison of suggested degrees of freedom for sensor installation using proposed flowchart and



genetic algorithm in Tower (47-element 2D-truss)

Method Degrees of freedom
(node number/direction)
sensor configurations proposed method 7X, 7y, 8y, 9%, 11x, 12x, 14x, 15y, 16x, 16y, 17X

] ) ) Fitness functio
sensor configurations of Genetic n value

Algorithm optimization 5y, 7x, 8x, 9%, 10y, 11y, 12x, 14x, 15y, 16y, 17X

0.83

Table 6. Assumed damage scenarios in Tower (47-element 2D-truss)

scenario of Damage | element number | Damage precent
1 25 20
18 15
2
30 20
2 20
3
13 15
33 10
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According to the results obtained, and despite the complexity and increase in the number of
structural members under study, in this case too, by using the Bayesian strategy and calculating
the probability of damage of structural elements, the damaged members can be clearly identified.
This not only increases the reliability of the proposed process for structural damage identification
under uncertainties arising from different damage scenarios, but also confirms the operational
efficiency of this process.

4. Conclusion

In this study, a robust and near-optimal sensor placement methodology was developed to enhance
the reliability of structural health monitoring (SHM) under uncertainty arising from possible
damage scenarios. By utilizing changes in modal strain energy (MSE) and introducing an impact
index across all structural members, critical locations for sensor installation were identified. The
proposed approach demonstrates resilience to modeling uncertainties and potential failure
scenarios, ensuring effective system identification with a minimal number of strategically placed
sensors. The effectiveness of the sensor layout was validated through comparison with a Genetic
Algorithm (GA)-based optimization framework, confirming the near-optimal nature of the
proposed configuration. The noise resistance is demonstrated through Monte-Carlo simulations
(N =50) and applying Gaussian sensor noise at SNR =40 and 30 dB: The optimized layouts and
Bayesian fusion provide almost reliable localization at the desired SNR levels, which shows an
increase in the reliability of the proposed flowchart. Furthermore, the integration of a Bayesian
strategy with the MSE change index allowed for probabilistic damage diagnosis, offering a clear
distinction between healthy and damaged members even under complex conditions. While the
present study focuses on ideal structural behavior and perfect sensor conditions, real-world
implementations may require further investigation. Future research could extend the framework
into areas such as adaptive sensing strategies or the integration of possible damage scenarios,
which can be much more complex in number and combination in real-world conditions. Overall,
the methodology presented here provides a practical and theoretically grounded tool for resilient
and efficient SHM, contributing to more reliable damage detection in structural systems. the
subject of limitations and particularly comprehensive and empirical evaluation as a planned
follow - up with a combination of complex and weighted scenarios (including extreme weighting)
for a more specific paper is appropriate and necessary.
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